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1 F undamen tal Concepts

1.1 What is a Stellar A tmosphere, and Wh y Do W e Study It?

By the term stellar atmosphere w e understand an y medium connected ph ys-

ically to a star from whic h the photons escap e to the surrounding space. In

other w ords, it is a region where the radiation, observ able b y a distan t ob-

serv er, originates. Since in the v ast ma jorit y of cases the radiation is the only

information ab out a distan t astronomical ob ject w e ha v e (exceptions b eing

a direct detection of solar wind particles, neutrinos from the Sun and SN

1987a, or gra vitational w a v es), all the information w e gather ab out stars is

deriv ed from analysis of their radiation.

It is therefore of considerable imp ortance to dev elop reliable metho ds

whic h are able to deco de the information ab out a star con tained in its sp ec-

trum with con�dence. Ha ving understo o d the ph ysics of the problem and

b eing able to carry out detailed n umerical sim ulations will enable us to con-

struct theoretical mo dels of a stellar atmosphere and predict a stellar sp ec-

trum. This has imp ortan t applications in other branc hes of astroph ysics, suc h

as i) deriv ed stellar parameters can b e used to v erify predictions of the stel-

lar ev olution theory; ii) mo dels pro vide ionizing 
uxes for the in terstellar

medium and nebular mo dels; iii) predicted stellar sp ectra are basic blo c ks for

p opulation syn theses of stellar clusters, starburst regions, and whole galaxies.

Moreo v er, v ery hot and massiv e stars ha v e sp ecial signi�cance. They are v ery

brigh t, and therefore ma y b e studied sp ectroscopically as individual ob jects

in distan t galaxies. Reliable mo del atmospheres for these stars ma y therefore

yield in v aluable indep enden t information ab out distan t galaxies, lik e c hemical

comp osition, and, p ossibly , reliable distances.

This alone w ould easily substan tiate viewing the stellar atmosphere theory

as an indep enden t, and v ery imp ortan t, branc h of mo dern astroph ysics. Y et,

in the global astroph ysical con text, there is another, and equally imp ortan t,

con tribution of the stellar atmospheres theory . Stellar atmospheres are the

b est studied example of a medium where radiation is not only a pr ob e of

the ph ysical state, but is in fact an imp ortant c onstituent . In other w ords,

radiation in fact determines the structure of the medium, y et the medium is

prob ed only b y this radiation.
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Unlik e lab oratory ph ysics, where one can c hange a setup of the exp erimen t

in order to examine v arious asp ects of the studied structures separately , w e do

not ha v e this luxury in astroph ysics: w e are stuc k with the observ ed sp ectrum

so w e should b etter mak e a go o d use of it. This is exactly what the stellar

atmosphere theory is doing for almost a cen tury no w. Consequen tly , it is

dev elop ed to suc h an exten t that it pro vides an excellen t metho dological

guide for other situations where the radiation has the dual role of a prob e

and a constituen t. Examples of suc h astronomical ob jects are the in terstellar

medium, H I I regions, and, in particular, accretion disks.

There has b een a signi�can t progress in the �eld of stellar atmospheres

ac hiev ed in recen t y ears. The progress w as motiv ated b y an unpreceden ted

increase of qualit y of ground- and space-based observ ations, and b y dev elop-

men t of extremely fast and e�cien t n umerical metho ds. Ho w ev er, despite of

this progress, the stellar atmospheres theory is still far from b eing su�cien tly

dev elop ed. It is a mature �eld, y et it is no w reac hing qualitativ ely new lev els

of sophistication. In short, it is a �eld w orth pursuing, o�ering as a rew ard a

signi�can t con tribution to our kno wledge ab out the Univ erse.

The main goal of this lecture is to pro vide a gen tle in tro duction to the

basic concepts needed to understand the fundamen tal ph ysics of stellar atmo-

spheres, as w ell as the leading principles b ehind recen t dev elopmen ts. P artic-

ular emphasis will b e dev oted to the classical plane-parallel atmospheres in

h ydrostatic and radiativ e equilibrium. T opics whic h concen trate sp eci�cally

on non-static phenomena (stellar winds), and on departures from radiativ e

equilibrium (stellar c hromospheres and coronae), are co v ered in other lectures

of this v olume.

There is no textb o ok that w ould fully co v er the topics discussed in this lec-

ture. The fundamen tal textb o ok of the �eld, Mihalas (1978), is still a highly

recommended text, although it do es not co v er imp ortan t recen t dev elop-

men ts, lik e for instance the ALI metho d. The third edition of the b o ok is no w

in preparation, but it will tak e a couple of y ears b efore it is a v ailable. There is

a recen t textb o ok b y Rutten (1995), distributed electronically , whic h co v ers

b oth the basic concepts as w ell as some of the mo dern dev elopmen t, and is

highly recommended to the b eginner in the �eld. There are t w o b o oks edited

b y Kalk ofen whic h presen t a collection of reviews on v arious mathematical

and n umerical asp ects of radiativ e transfer (Kalk ofen 1984; 1987). A go o d

textb o ok that co v ers b oth the theoretical and observ ational asp ects of the

stellar atmospheres is that b y Gra y (1992). Other related textb o oks include

Rybic ki and Ligh tman (1987), Sh u (1991), and an elemen tary-lev el textb o ok

b y B• ohm-Vitense (1989). An old but excellen t textb o ok on radiativ e trans-

fer is Je�eries (1968). Besides these b o oks, there are sev eral excellen t review

pap ers co v ering v arious topics (e.g. Kudritzki 1988; Kudritzki and Hummer

1990), and sev eral conference pro ceedings whic h con tain man y in teresting

pap ers on the stellar atmospheres theory { Prop erties of Hot Luminous Stars

(Garman y 1990); Stellar A tmospheres: Bey ond Classical Mo dels (Criv ellari,
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Hub en y , and Hummer 1991); The A tmospheres of Early-T yp e Stars (Heb er

and Je�ery 1992); and Hydrogen-De�cien t Stars (Je�ery and Heb er 1996);

to name just few of the most imp ortan t ones.

1.2 Basic Structural Equations

A stellar atmosphere is generally a plasma comp osed of man y kinds of parti-

cles, namely atoms, ions, free electrons, molecules, or ev en dust grains, and

photons. T ypical v alues of temp erature range from 10

3

K (or ev en less in

the co olest stars) to a few times 10

5

K in the hottest stars (temp erature is

ev en higher, 10

6

- 10

7

K, in stellar coronae). Lik ewise, the total particle den-

sit y ranges from, sa y , 10

6

to 10

16

cm

� 3

. Under suc h conditions, the natural

starting p oin t for the ph ysical description is the kinetic theory .

W e start with v ery general equations, in order to emphasize a close con-

nection of the stellar atmospheres theory and other branc hes of ph ysics. W e

will then simplify these equations to the form whic h is used in most textb o oks.

Sp eci�cally , the most general quan tit y whic h describ es the system is the

distribution function f

i

( r ; p ; t ), whic h has the meaning that f

i

( r ; p ; t )d r d p

is the n um b er of particles of kind i in an elemen tary v olume of the phase

space at p osition r , momen tum p , and at time t . The equation whic h de-

scrib es a dev elopmen t of the distribution function is the w ell-kno wn kinetic,

or Boltzmann, equation, written as

@ f

i

@ t

+ ( u � r ) f

i

+ ( F � r

p

) f

i

=

�

D f

i

D t

�

coll

; (1)

where r and r

p

are the usual nabla di�eren tial op erators with resp ect to

p osition and momen tum comp onen ts, resp ectiv ely; u is the particle v elo cit y ,

and F is the external force. The term (D f = D t )

coll

is the so-called collisional

term, whic h describ es creations and destructions of particles of t yp e i with

the p osition ( r ; r + d r ) and momen tum ( p ; p + d p ).

The kinetic equation pro vides a full description of the system. Ho w ev er,

the n um b er of unkno wns is enormous. It should b e realized that the individual

particles are, in general, not just the atoms and ions, but in fact all the

individual excitation states of atoms, ions, or molecules. According to the

standard pro cedure, one simpli�es the system b y constructing equations for

the moments of the distribution function, i.e. the in tegrals o v er momen tum

w eigh ted b y v arious p o w ers of p . I shall presen t only the �nal equations; the

reader is referred to an y standard textb o ok of the kinetic theory for a detailed

deriv ation and an extensiv e discussion.

The resulting set of equations are the w ell-kno wn h ydro dynamic equa-

tions, namely the con tin uit y equation,

@ �

@ t

+ r � ( � v ) = 0 ; (2)
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the momen tum equation,

@ ( � v )

@ t

+ r � ( � vv ) = �r P + f ; (3)

and the energy balance equation,

@

@ t

�

1

2

�v

2

+ ��

�

+ r �

� �

1

2

�v

2

+ �� + P

�

v

�

= f � v � r � ( F

rad

+ F

con

) : (4)

Here, v is the macroscopic v elo cit y , � the total mass densit y , P the pressure,

f the external force, � the in ternal energy , F

rad

the radiation 
ux, and F

con

the conductiv e 
ux. Equations (2) - (4) represen t momen t equations of the

kinetic equation, (1), summed o v er all kinds of particles.

W e ma y also write a zeroth-order momen t equation for the individual

kinds of particles, i.e. the conserv ation equation for particles of t yp e i ,

@ n

i

@ t

+ r � ( n

i

v ) =

�

D n

i

D t

�

coll

; (5)

where n

i

is the n um b er densit y (or the o ccupation n um b er, or p opulation) of

particles of t yp e i . One ma y also write momen tum and energy balance equa-

tions for the individual particles if needed (e.g. if di�eren t kinds of particles

ha v e di�eren t macroscopic v elo cities). W e will not consider these situations

here.

The momen t equations are still quite general. An application of those

equations is discussed in other pap ers of this v olume. Here, I will presen t a

further signi�can t simpli�cation of the system, whic h applies for the case of a

stationary (i.e. @ =@ t = 0), and moreo v er static ( v = 0) medium. Finally , w e

will consider a 1-D situation, i.e. all quan tities dep end on the z -co ordinate

only ,

�

D n

i

D t

�

coll

= 0 ; (6)

r P = f = )

d P

d z

= � �g ; (7)

r F

rad

= 0 = ) F

rad

= const � � T

4

e�

; (8)

where � is the Stefan-Boltzmann constan t, and T

e�

is the so-called e�ectiv e

temp erature. The �rst equation is called the statistic al e quilibrium equation,

the second one the hydr ostatic e quilibrium equation, while the last one, ex-

pressing the fact that the only mec hanism that transp orts energy is radiation,

is called the r adiative e quilibrium equation. (Notice that the conductiv e 
ux

w as neglected here, whic h is a common appro ximation in the stellar atmo-

spheres theory . Ho w ev er, this appro ximation breaks do wn, for instance, in

the solar transition region.)

What ab out con v ection, whic h w e kno w ma y con tribute signi�can tly to

the energy balance in certain t yp es of stellar atmospheres? Con v ection is a
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transp ort of energy b y rising and falling bubbles of material with prop erties

(e.g. temp erature) di�eren t from the am bien t medium. It is therefore, b y its

v ery nature, a non-stationary and non-homogeneous phenomenon. Putting

v = 0 and assuming a 1-D medium means, strictly sp eaking, that con v ection

is a priori neglected. Ho w ev er, there are descriptions, lik e the mixing-length

theory (see an y standard textb o ok, lik e Mihalas 1978), that simplify the

problem and cast it in the form of 1-D stationary equation, viz.

F

rad

+ F

con v

= � T

4

e�

; (9)

where the con v ectiv e 
ux F

con v

is a sp eci�ed function of basic state parame-

ters (temp erature, densit y , etc.)

So far, w e ha v e sp eci�ed the kinetic equation for particles. The same

ma y b e done for photons. Since, as explained ab o v e, photons ha v e a sp ecial

signi�cance in stellar atmospheres, w e will consider the kinetic equation for

photons { the so-called r adiative tr ansfer e quation { in the Sect. 2.

1.3 L TE v ersus non-L TE

It is w ell kno wn from statistical ph ysics that a description of material prop-

erties is greatly simpli�ed if the thermo dynamic equilibrium (TE) holds. In

this state, the particle v elo cit y distributions as w ell as the distributions of

atoms o v er excitation and ionization states are sp eci�ed uniquely b y t w o

thermo dynamic v ariables. In the stellar atmospheres con text, these v ariables

are usually c hosen to b e the absolute temp erature T , and the total particle

n um b er densit y , N , or the electron n um b er densit y , n

e

. F rom the v ery nature

of a stellar atmosphere it is clear that it cannot b e in thermo dynamic equilib-

rium { w e se e a star, therefore w e kno w that photons m ust b e escaping. Since

photons carry a signi�can t momen tum and energy , the elemen tary fact of

photon escap e has to giv e rise of signi�can t gr adients of the state parameters

in the stellar outer la y ers.

Ho w ev er, ev en if the assumption of TE cannot b e applied for a stellar

atmosphere, w e ma y still use the concept of lo c al thermo dynamic e quilibrium

{ L TE. This assumption asserts that w e ma y emplo y the standard thermo dy-

namic relations not globally for the whole atmosphere, but lo c al ly , for lo cal

v alues of T ( r ) and N ( r ) or n

e

( r ), despite the gradien ts that exist in the at-

mosphere. This assumption simpli�es the problem enormously , for it implies

that all the particle distribution functions ma y b e ev aluated lo cally , with-

out reference to the ph ysical ensem ble in whic h the giv en material is found.

Notice that the equilibrium v alues of distribution functions are assigned to

massive p articles ; the radiation �eld is allo w ed to depart from its equilibrium,

Planc kian { (22), distribution function.

Sp eci�cally , L TE is c haracterized b y the follo wing three distributions:

{ Maxw ellian v elo cit y distribution of particles

f ( v )d v = ( m= 2 � k T )

3 = 2

exp( � mv

2

= 2 k T ) d v ; (10)
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where m is the particle mass, and k the Boltzmann constan t.

{ Boltzmann excitation equation,

( n

j

=n

i

) = ( g

j

=g

i

) exp [ � ( E

j

� E

i

) =k T ] ; (11)

where g

i

is the statistical w eigh t of lev el i , and E

i

the lev el energy , measured

from the ground state.

{ Saha ionization equation,

N

I

N

I +1

= n

e

U

I

U

I +1

C T

� 3 = 2

exp( �

I

=k T ) ; (12)

where N

I

is the total n um b er densit y of ionization stage I , U is the partition

function, de�ned b y U =

P

1

1

g

i

exp( � E

i

=k T ); �

I

is the ionization p oten tial

of ion I , and C = ( h

2

= 2 � mk )

3 = 2

is a constan t (= 2 : 07 � 10

� 16

in cgs units). It

should b e stressed that in the astroph ysical L TE description, the same tem-

p erature T applies to all kinds of particles, and to all kinds of distributions,

(10) { (12).

Equations (10) { (12) de�ne the state of L TE from the macroscopic p oin t

of view. Microscopically , L TE holds if all atomic pro cesses are in detaile d b al-

anc e . i.e. if the n um b er of pro cesses A ! B is exactly balanced b y the n um b er

of in v erse pro cesses B ! A . By A and B w e mean an y particle states b e-

t w een whic h there exists a ph ysically reasonable transition. F or instance, A

is an atom in an excited state i , and B the same atom in another state j

(either of the same ion as i , in whic h case the pro cess is an excitation/de-

excitation; or of the higher or lo w er ion, in whic h case the term is an ioniza-

tion/recom bination). An illuminating discussion is presen ted in the textb o ok

b y Oxenius (1986).

In con trast, b y the term non-L TE (or NL TE) w e understand an y state

that departs from L TE. In practice, one usually means that p opulations of

some selected energy lev els of some selected atoms/ions are allo w ed to depart

from their L TE v alue, while v elo cit y distributions of all particles are assumed

to b e Maxw ellian, (10), moreo v er with the same kinetic temp erature, T .

One of the big issues of mo dern stellar atmospheres theory is whether, and

if so to what exten t, should departures from L TE b e accoun ted for in n umeri-

cal mo deling. This question will b e discussed in more detail later on (Sects. 3,

5). Generally , to understand wh y and where w e ma y exp ect departures from

L TE, let us turn to the microscopic de�nition of L TE. It is clear that L TE

breaks do wn if the detailed balance in at least one transition A ! B breaks

do wn. W e distinguish the c ol lisional tr ansitions (arising due to in teractions

b et w een t w o or more massiv e particles), and r adiative tr ansitions (in terac-

tions in v olving particles and photons). Under stellar atmospheric conditions,

collisions b et w een massiv e particles tend to main tain the lo cal equilibrium

(since v elo cities are Maxw ellian). Therefore, the v alidit y of L TE hinges on

whether the radiativ e transitions are in detailed balance or not.
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Again, the fact that the radiation escap es from a star implies that L TE

should ev en tually break do wn at a certain p oin t in the atmosphere. Essen-

tially , this is b ecause detailed balance in radiativ e transitions generally breaks

do wn at a certain p oin t near the surface. Since photons escap e (and more

so from the upp ermost la y ers), there m ust b e a lac k of them there. Conse-

quen tly , the n um b er of photo excitations (or an y atomic transition induced b y

absorbing a photon) is less than a n um b er of in v erse pro cesss, sp on taneous

de-excitations (w e neglect here, for simplicit y , stim ulated emission).

These considerations explain that w e ma y exp ect departures from L TE

if the follo wing t w o conditions are met: i) radiativ e rates in some imp ortan t

atomic transition dominate o v er the collisional rates; and ii) radiation is not

in equilibrium, i.e. the in tensit y do es not ha v e the Planc kian distribution.

Later, w e will sho w ho w these conditions are satis�ed in di�eren t stellar

t yp es. Ho w ev er, some general features can b e seen immediately . Collisional

rates are prop ortional to the particle densit y; it is therefore clear that for

high densities the departures from L TE tend to b e small. Lik ewise, deep

in the atmosphere, photons do not escap e, and so the in tensit y is close to

the equilibrium v alue. Departures from L TE are therefore small, ev en if the

radiativ e rates dominate o v er the collisional rates.

2 Radiativ e T ransfer Equation

As explained ab o v e, radiation pla ys a somewhat privileged role in the stellar

atmospheres theory . This is the reason wh y w e consider the radiativ e transfer

equation separately from equations describing the material prop erties. The

dominan t role of radiation is also re
ected in the terminology { the whole

stellar atmosphere problem is sometimes referred to as a solving the r adiative

tr ansfer e quation with c onstr aints , i.e. viewing all the material equations as

mere \constrain ts".

As discussed in the preceding section, one ma y view the radiativ e transfer

equation as a kinetic equation for photons. In the astronomical literature, it

is customary to start with a phenomenological deriv ation of the radiativ e

transfer equation, and to sho w later that this equation is in fact equiv alen t

to the kinetic equation.

It should b e realized, ho w ev er, that when viewing radiation as an ensem-

ble of m utually non-in teracting, massless particles { photons, and describing

the in teraction b et w een radiation and matter in terms of simple collisions

(in teractions) b et w een photons and massiv e particles, the w a v e phenomena

connected with radiation are in fact neglected. This is a go o d appro ximation

if i) the w a v elength of radiation is m uc h smaller than the t ypical distance

b et w een massiv e particles; and if ii) the particle p ositions are random. These

conditions are w ell satis�ed under the stellar atmospheric conditions: w e deal

with a hot plasma, so the particle p ositions are indeed random. F or optical,

UV, and ev en higher-frequency radiation, the w a v elengths ( � < 10

� 4

cm)
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are indeed smaller that t ypical in terparticle distances. F or infrared and radio

w a v elengths, some w a v e phenomena (e.g. refraction) ma y actually pla y a role

in the radiativ e transfer.

In the follo wing, w e will adhere to the photon picture, and neglect all

the w a v e phenomena. A somewhat sp ecial case is the p olarization of radia-

tion. P olarization will also b e neglected here, i.e. w e assume an unp olarized

radiation. W e will see in other lectures (e.g., Bjorkman, this v olume), that

p olarization of radiation ma y actually pla y an imp ortan t diagnostic role in

certains stellar atmospheric structures (as an indicator of asymmetries of

the medium). It is p ossible to extend the usual formalism of the transfer

equation to accoun t for p olarization, b y in tro ducing a v ector quan tit y (the

so-called Stok es v ector) instead of scalar in tensit y of radiation, and to write

do wn the transfer equation in the v ector form. W e will not consider this case

here; the in terested reader is referred to standard textb o oks { Chandrasekhar

(1960); or recen tly Sten
o (1994); or excellen t review articles (sev eral pap ers

in Kalk ofen 1987).

2.1 In tensit y of Radiation and Related Quan tities

W e start with phenomenological de�nitions. The sp e ci�c intensity , I ( r ; n ; � ; t ),

of radiation at p osition r , tra v eling in direction n , with frequency � , at time

t is de�ned suc h that the energy transp orted b y radiation in the frequency

range ( � ; � + d � ), across an elemen tary area d S , in to a solid angle d ! in a

time in terv al d t is

d E = I ( r ; n ; � ; t ) d S cos � d ! d � d t ; (13)

where � is the angle b et w een n and the normal to the surface d S (i.e.

d S cos � = n � dS ). The dimension of I is erg cm

� 2

sec

� 1

hz

� 1

sr

� 1

. The

sp eci�c in tensit y pro vides a complete description of the unp olarized radia-

tion �eld from the macroscopic p oin t of view.

As p oin ted out ab o v e, there is a close connection b et w een the sp eci�c

in tensit y and the photon distribution function, f . The latter is de�ned suc h

that f ( r ; n ; � ; t ) d ! d � is the n um b er of photons p er unit v olume at lo cation

r and time t , with frequencies in the range ( � ; � + d � ), propagating with

v elo cit y c in direction n . The n um b er of photons crossing an elemen t dS in

time d t is f ( c � d t )( n � dS )(d ! d � ). The energy of those photons is the same

expression m ultiplied b y h� , h b eing the Planc k constan t. Comparing this to

the de�nition of the sp eci�c in tensit y , w e obtain the desired relation b et w een

the sp eci�c in tensit y and the distribution function,

I = ( ch� ) f : (14)

This relation mak es it easy to understand the follo wing expressions. Anal-

ogously as for massiv e particles, one de�nes v arious momen ts of the distribu-

tion function { i.e. the sp eci�c in tensit y in this case { whic h ha v e a meaning

of the energy densit y , 
ux, and the stress tensor.



Stellar A tmospheres Theory: An In tro duction 9

F rom the de�nition of the distribution function, it is clear that the en-

er gy density of radiation is giv en b y (dropping an explicit indication of the

dep endence on frequency , etc.)

E =

I

( h� ) f d ! = (1 =c )

I

I d ! ; (15)

b ecause f is the n um b er of photons in an elemen tary v olume, and h� the

energy of eac h; w e ha v e to in tegrate o v er all solid angles. Similarly , the ener gy


ux of radiation is giv en b y

F =

I

( h� ) � ( c n ) f d ! =

I

n I d ! ; (16)

b ecause c n is the v ector v elo cit y .

The r adiation str ess tensor is de�ned b y

P =

I

( h� ) nn f d ! = (1 =c )

I

nn I d ! : (17)

Finally , w e men tion that the photon momentum density [recall that the mo-

men tum of an individual photon is ( h� =c ) n ] is giv en b y

G =

I

( h� =c ) n f d ! = (1 =c

2

) F ; (18)

i.e., it is prop ortional to the radiation 
ux.

2.2 Absorption and Emission Co e�cien t

The radiativ e transfer equation describ es the c hanges of the radiation �eld

due to its in teraction with matter. T o describ e this in teraction, one �rst

in tro duces sev eral phenomenological quan tities:

A bsorption c o e�cient describ es the remo v al of energy from the radiation

�eld b y matter. It is de�ned in suc h a w a y that an elemen t of material, of

cross-section d S and length d s , remo v es from a b eam of sp eci�c in tensit y I

(inciden t normal to d S in to a solid angle d ! ), an amout of energy

d E = � ( r ; n ; � ; t ) I ( r ; n ; � ; t ) d S d s d ! d � d t : (19)

The dimension of � is cm

� 1

, th us 1 =� has a dimension of length, and it

measures a c haracteristic distance a photon can tra v el b efore it is absorb ed;

in other w ords, the photon me an fr e e p ath .

Emission c o e�cient describ es the energy released b y the material in the form

of radiation. Analogously , it is de�ned suc h as an elemen tary v olume of ma-

terial, of cross-section d S and length d s , releases (in to a solid angle d ! , in

direction n , within a frequency band d � ) an amout of energy

d E = � ( r ; n ; � ; t ) d S D s d ! d � d t : (20)
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The dimension of � is erg cm

� 3

hz

� 1

sec

� 1

sr

� 1

.

The absorption and emission co e�cien ts are de�ned p er unit length . Some-

times, one de�nes the co e�cien ts p er unit mass , whic h are giv en b y expres-

sions (19) and (20) divided b y the mass densit y , � .

The ab o v e co e�cien ts are de�ned phenomenologically . T o b e able to write

do wn actual expressions for them, w e ha v e to go to microscopic ph ysics. In

other w ords, w e ha v e to describ e all con tributions from microscopic pro cesses

that giv e rise to an absorption or emission of photons with sp eci�ed prop er-

ties. Detailed expressions will b e considered later on (Sects. 3.1, 5.2). Here,

w e will discuss some general p oin ts:

i) Sometimes, one distinguishes t w o t yp es of absorption, a \true absorp-

tion", and a \scattering". In the true absorption (also called \thermal absorp-

tion") pro cess, a photon is remo v ed from the inciden t b eam and is destro y ed;

while in the scattering pro cess a photon is �rst remo v ed from the b eam, but

is immediately re-emitted in a di�eren t direction and with (sligh tly) di�eren t

frequency . This distinction is re
ected in a notation,

� ( r ; n ; � ; t ) = � ( r ; n ; � ; t ) + � ( r ; n ; � ; t ) ; (21)

where the �rst term on the righ t hand side, � , refers to the true absorption,

while the second term, � , to the scattering. Ho w ev er, I stress that this distinc-

tion do es not really ha v e to do m uc h with the absorption pro cess { � describ es

a remo v al of photon from the b eam and do es not ha v e to care ab out what

happ ens next. The distinction b et w een the true absorption and scattering

actually en ters rather the prop er form ulation of the emission co e�cien t.

ii) It is kno wn from the quan tum theory of radiation that there are three

t yp es of elemen tary pro cesses that giv e rise to an absorption or emission of

a photon: 1) induced absorption { an absorption of a photon accompanied

b y a transition of an atom/ion to a higher energy state); 2) sp on taneous

emission { an emission of a photon accompanied b y a sp on taneous transition

of an atom/ion to a lo w er energy state); and 3) stim ulated emission { an

in teraction of an atom/ion with a photon accompanied b y an emission of

another photon with iden tical prop erties. In the astroph ysical formalism, the

stim ulated emission is usually treated as negativ e absorption.

iii) In thermo dynamic equilibrium, the microscopic detailed balance holds,

and therefore the radiation energy absorb ed in an elemen tary v olume in an

elemen tary frequency in terv al is exactly balanced b y the energy emitted in the

same v olume and in the same frequency range. F rom the de�nition expressions

for the absorption and emission co e�cien ts, (19) and (20), it follo ws that in

the equilibrium state, � I = � . Moreo v er, w e kno w that in thermo dynamic

equilibrium the radiation in tensit y is equal to the Planc k function, I = B ,

where

B ( � ; T ) =

2 h�

3

c

2

1

exp ( h� =k T ) � 1

: (22)

W e are then left with an in teresting relation that in thermo dynamic equilib-

rium, � =� = B , whic h is called Kir chho� 's law .
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2.3 Phenomenological Deriv ation of the T ransfer Equation

Ha ving de�ned the basic phenomenological co e�cien ts whic h describ e the

in teraction of radiation and matter, a heuristic deriv ation of the radiativ e

transfer equation is straigh tforw ard. W e express a conserv ation of the total

photon energy when a radiation b eam passes through an elemen tary v olume

of matter of cross-section d S (p erp endicular to the direction of propagation)

and length d s (measured along the direction of propagation). T aking in to

accoun t de�nitions of the sp eci�c in tensit y , (13), and the absorption and

emission co e�cien ts, (19) and (20), w e obtain

[ I ( r + � r ; n ; � ; t + �t ) � I ( r ; n ; � ; t )] d S d ! d � d t =

[ � ( r ; n ; � ; t ) � � ( r ; n ; � ; t ) I ( r ; n ; � ; t )] d s d S d ! d � d t ; (23)

whic h expresses the fact that the di�erence b et w een sp eci�c in tensities b efore

and after passing through the elemen tary v olume of pathlength d s is equal

to the di�erence of the energy emitted and absorb ed in the v olume. The

di�erence of in tensities on the left hand side ma y b e expressed as

di� I =

@ I

@ s

d s +

@ I

@ t

d t =

�

@ I

@ s

+

1

c

@ I

@ t

�

d s : (24)

Finally , @ I =@ s ma y b e written as n � r , so w e arriv e at

�

1

c

@

@ t

+ n � r

�

I ( r ; n ; � ; t ) = � ( r ; n ; � ; t ) � � ( r ; n ; � ; t ) I ( r ; n ; � ; t ) : (25)

This is the general form of the radiativ e transfer equation. Let us no w consider

t w o imp ortan t sp ecial cases.

1) for a one-dimensional planar atmosphere, n

z

= (d z = d s ) = cos � � � ,

where � is the angle b et w een direction of propagation of radiation, n , and the

normal to the surface. F urther, let us assume a time-indep enden t situation,

@ =@ t = 0, so w e obtain

�

d I ( � ; �; z )

d z

= � ( � ; �; z ) � I ( � ; �; z ) � ( � ; �; z ) ; (26)

where the in tensit y of radiation is no w only a function of the geometrical

co ordinate z , frequency � , and the directional cosine � .

2) in spherical co ordinates, the deriv ativ e along the ra y , @ =@ s is giv en b y

@ =@ s = � ( @ =@ r ) + (1 � �

2

) =r ( @ =@ � ), and the radiativ e transfer equation in

a spherically symmetric medium is written as

�

@ I ( � ; �; r )

@ r

+

1 � �

2

r

@ I ( � ; �; r )

@ �

= � ( � ; �; r ) � I ( � ; �; r ) � ( � ; �; r ) : (27)
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2.4 Optical Depth and the Source F unction

Let us start with a simple 1-D transfer equation, written as

�

d I

�

d z

= �

�

� �

�

I

�

; (28)

where w e drop an explicit indication of the dep endence of I , � , and � on

the geometrical distance z and angle � , and write, as is customary in the

astroph ysical literature, the frequency � as a subscript. W e divide the transfer

equation b y �

�

, and obtain a v ery simple and adv an tageous form of the

transfer equation,

�

d I

�

d �

�

= I

�

� S

�

; (29)

where the elementary optic al depth is de�ned b y

d �

�

� � �

�

d z ; (30)

and the sour c e function is de�ned b y

S

�

�

�

�

�

�

: (31)

The absorption and emission co e�cien t are lo c al quan tities, therefore the

de�nition of the source function, (31), applies for all geometries. The optical

depth dep ends on the geometry; in case of a 3-D transfer, the most natural

de�nition is the optic al depth along the r ay , de�ned b y

d � = � ( r ; n ; � ) d s ; (32)

where d s is the elemen tary pathlength in the direction n . In the case of

a plane-parallel atmosphere, the relation b et w een the optical depth in the

direction � (whic h w e denote here as �

��

), and the \normal-direction" �

�

de�ned b y (30), is

d �

��

= d �

�

=� : (33)

What is the ph ysical meaning of the optical depth and of the source func-

tion? The meaning of the optical depth is straigh tforw ard. In the absence

of emissions, the transfer equation is simply d I = d � = I , and the solution

is I ( � ) = I ( � + �� ) exp ( � �� ), i.e. the optical depth is the e-folding dis-

tance for atten uation of the sp eci�c in tensit y due to absorption. In other

w ords, the probabilit y that a photon will tra v el an optical distance � is sim-

ply p ( � ) = exp( � � ). Since the absorption co e�cien t (e.g. in sp ectral lines)

ma y b e a sharply v arying function of frequency , the (mono c hromatic) optical

depth ma y also v ary signi�can tly with frequency . Sometimes one de�nes v ar-

ious frequency-indep enden t optical depths, lik e those corresp onding to the

a v eraged absorption co e�cien t, either o v er the whole sp ectrum (a t ypical ex-

ample b eing the Rosseland optical depth { see Sect. 2.8), or o v er a sp ectral

line (see Sect. 3.1).
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The meaning of the source function can also b e easily understo o d. Let us

write the n um b er of photons emitted in an elemen tary v olume (de�ned b y an

elemen tary area dS and an elemen tary path ds ), to all directions. F rom the

de�nition of the emission co e�cien t it follo ws that (assuming an isotropic

emission for simplicit y) N

em

= � d s (4 � =h� ) d � d t d S , where the factor 4 �

comes from an in tegration o v er all solid angles, and h� transforms energy

(from the original de�nition of the emission co e�cien t) to the n um b er of

photons. Using the de�nition of the optical depth and the source function,

w e ma y rewrite the factor � d s as � d s = ( � =� ) � d s = S ( � )d � . Consequen tly ,

the n um b er of emitted photons is

N

em

= S ( � )d �

4 �

h�

d � d t d S : (34)

In other w ords, the source function is prop ortional to the numb er of photons

emitte d p er unit optic al depth interval .

F or completeness, w e men tion that the n um b er of photons absorb e d p er

unit optical depth in terv al (from all solid angles) is analogously giv en b y

N

abs

= J ( � )d �

4 �

h�

d � d t d S ; (35)

whic h directly follo ws from (19); J b eing the mean in tensit y of radiation,

de�ned b y (48).

2.5 Elemen tary Solutions

In this section, w e consider the simplest solutions of the 1-D plane-parallel

transfer equation. F or notational simplicit y , w e drop subscript � indicating

the frequency dep endence.

a) No absorption, no emission , i.e. � = � = 0. The transfer equation reads

d I = d z = 0, whic h has a trivial solution

I = const : (36)

This expresses the ob vious fact that in the absence of an y in teraction with

the medium, the radiation in tensit y remains constan t.

b) No absorption, only emission , i.e. � = 0, but � > 0. The solution is

simply

I ( z ; � ) = I (0 ; � ) +

Z

z

0

� ( z

0

)d z

0

=� : (37)

This equation is often used for describing an outcoming radiation from an

optically thin radiating slab, lik e for instance a forbidden line radiation from

planetary nebulae, or a radiation from the solar transition region and/or

corona.
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c) No emission, only absorption , i.e. � = 0, � > 0. The transfer equation

no w reads � d I = d � = I , and the solution is simply

I (0 ; � ) = I ( � ; � ) exp( � � =� ) : (38)

d) A bsorption and emission . W e will no w write a general formal solution of

the transfer equation, i.e. for the case where b oth, absorption and emission,

co e�cien ts are di�eren t from zero, � > 0, � > 0. The solution is called

\formal" b ecause it is assumed here that b oth � and � are sp e ci�e d functions

of p osition and frequency . As w e shall see later on, b oth co e�cien ts ma y

dep end on the radiation �eld, so that in actual problems they ma y not b e

giv en a priori, without previously solving the general transfer problem. The

formal solution reads

I ( �

1

; � ) = I ( �

2

; � ) exp[ � ( �

2

� �

1

) =� ] +

Z

�

2

�

1

S ( t ) exp[ � ( t � �

1

) =� ] d t=� : (39)

e) Semi-in�nite atmospher e . A sp ecial case of the formal solution (39) for

emergen t radiation (i.e. �

1

= 0) from a semi-in�nite atmosphere ( �

2

= 1 )

reads

I (0 ; � ) =

Z

1

0

S ( t ) exp( � t=� ) d t=� : (40)

This equation sho ws that the sp eci�c in tensit y in a semi-in�nite atmosphere

is in fact a Laplace transform of the source function.

f ) Semi-in�nite atmospher e with a line ar sour c e function . Another sp ecial

case of the general formal solution (39) is a emergen t in tensit y from a semi-

in�nite atmosphere, with a source function b eing a line ar function of optical

depth, S ( � ) = a + b� . It is giv en b y

I (0 ; � ) = a + b� = S ( � = � ) : (41)

This imp ortan t expression is called the Eddington-Barbier r elation . It sho ws

that the emergen t in tensit y , for instance in the normal direction ( � = 1) is

giv en b y the v alue of the source function at the optical depth of unit y . The

v alues of emergen t in tensit y for all angles � b et w een 0 and 1 then map the

v alues of the source function b et w een optical depths 0 and 1. Although in

realit y the source function do es not ha v e to b e a linear function of optical

depth, it can usually b e w ell appro ximated b y it in the vicinit y of � = 1.

Consequen tly , the Eddington-Barbier relation, (41), usually pro vides a go o d

estimate of the emergen t in tensit y .

g) Finite homo gene ous slab . Finally , an expression for an emergen t radia-

tion ( �

1

= 0) from a �nite ( �

2

= T < 1 ) and homogeneous slab [i.e. S ( t ) = S

is constan t], in the normal direction ( � = 1), reads

I (0 ; 1) = S �

�

1 � e

� T

�

: (42)
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In the sp ecial case T � 1, (42) b ecomes I (0 ; 1) = S , while for T � 1, w e

obtain I (0 ; 1) = S � T . Both limiting expressions ha v e a simple ph ysical ex-

planation. As w e ha v e sho wn ab o v e, the source function expresses a n um b er

of photons (or radiativ e energy) emitted p er unit optical depth. In the opti-

cally thin case ( T � 1), there is little absorption, so practically all created

photons escap e from the medium. Since the actual optical depth is T , the

total emergen t in tensit y is S � T . In the optical thic k case, w e ma y roughly sa y

that the photons created deep er than � = 1 are v ery lik ely absorb ed, so the

only photons whic h con tribute to the emergen t in tensit y are those emitted

at optical depths � � 1. Consequen tly , the emergen t in tensit y is S � 1, i.e. S ,

regardless of the actual optical thic kness of the slab.

2.6 Momen ts of the T ransfer Equation

Analogously to the case of massiv e particles, w e ma y de�ne v arious momen ts

of the photon distribution function, i.e. the sp eci�c in tensit y . By appropri-

ately in tegrating the kinetic (i.e. transfer) equation w e obtain relations b e-

t w een these momen ts. As w as discussed in Sect. 2.1., the �rst three momen ts

are the photon energy densit y , radiation 
ux, and the radiation stress tensor.

W ritten synoptically , (see, e.g the textb o ok b y Sh u 1991), w e ma y write

0

@

cE

�

F

�

c P

�

1

A

=

I

0

@

1

n

nn

1

A

I

�

d ! : (43)

Consequen tly , the momen t equations are obtained b y m ultiplying the transfer

equation (25) b y 1, n , etc., and in tegrating o v er all solid angles. The �rst t w o

momen t equations read

@ E

�

@ t

+ r � F

�

= �

�

� �

�

c E

�

; (44)

1

c

@ F

�

@ t

+ c r � P

�

= � �

�

F

�

; (45)

Both these equations ha v e the general structure of the momen t equation of

the kinetic equation, namely

@ =@ t (densit y of quan tit y) + (gradien t of its 
ux) = (sources � sinks) : (46)

In the astroph ysical literature, one usually in tro duces momen ts as angle-

aver age d , rather than angle-in tegrated quan tities. The �rst momen ts of the

radiation in tensit y are usually denoted as J , H , K . W e ma y synoptically

write

0

@

J

�

H

�

K

�

1

A

=

1

4 �

0

@

cE

�

F

�

c P

�

1

A

=

1

4 �

I

0

@

1

n

nn

1

A

I

�

d ! : (47)
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In a plane-parallel appro ximation, all the momen ts are scalar quan tities,

and are giv en b y

J

�

=

1

2

Z

1

� 1

I

�

( � )d � ; (48)

H

�

=

1

2

Z

1

� 1

� I

�

( � )d � ; (49)

K

�

=

1

2

Z

1

� 1

�

2

I

�

( � )d � ; (50)

and the momen t equations are written as

d H

�

d �

�

= J

�

� S

�

; (51)

and

d K

�

d �

�

= H

�

: (52)

The system of momen t equations is not closed, i.e. the equation for n -th

momen t con tains the ( n + 1)-th momen t, etc. It is therefore necessary to come

up with some kind of closure relation. In the stellar atmospheres theory , one

de�nes the so-called Eddington factor, f

K

, b y

f

K

�

� K

�

=J

�

: (53)

It is clear from the de�nition of momen ts that in the case of isotropic radia-

tion, I

�

( � ) = I

�

b eing indep enden t of angle, the Eddington factor f

K

= 1 = 3.

Assuming the Eddington factor to b e sp eci�ed, one ma y com bine the t w o

momen t equations (51) and (52) together,

d

2

( f

K

�

J

�

)

d �

2

�

= J

�

� S

�

: (54)

This equation is v ery useful. It e�ectiv ely eliminates one indep enden t v ari-

able, the angle � , from the problem. Numerically , it replaces the original

transfer equation, whic h is a �rst-order linear di�eren tial equation for the

sp eci�c in tensit y I

� �

, b y a second-order but still linear di�eren tial equation

for the mean in tensit y , J

�

. Ho w ev er, its simplicit y is illusory . It cannot b e

used alone, ev en if the source function is giv en, since in general the Ed-

dington factor is unkno wn unless the full solution of the transfer equation is

kno wn. Ho w ev er, this form of the transfer equation is v ery useful in certain

n umerical metho ds, as w e will discuss later on. It should b e realized that it

can b e used to adv an tage only in iter ative metho ds; in whic h w e use curren t

v alues of J and K to determine the curren t Eddington factor f

K

, and k eep

this factor �xed during the subsequen t iteration step.
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2.7 Lam b da Op erator

Let us �rst write do wn the general formal solution of the radiativ e trans-

fer equation for a semi-in�nite plane-parallel atmosphere, with no incoming

radiation at the surface ( � = 0),

I

�

( �

�

; � ) =

Z

1

�

�

S

�

( t )e

� ( t � �

�

) =�

d t=� ; for � � 0 ; (55)

I

�

( �

�

; � ) =

Z

�

�

0

S

�

( t )e

� ( �

�

� t ) = ( � � )

d t= ( � � ) ; for � < 0 : (56)

Recall that from the de�nition of the directional cosine � follo ws that p osi-

tiv e v alues of � corresp ond to out w ard directions, while negativ e v alues of �

corresp ond to in w ard directions. The mean in tensit y of radiation is obtained

b y in tegrating (55) and (56) o v er � , viz.

J

�

( �

�

) =

1

2

Z

1

0

S

�

( t ) E

1

( j t � �

�

j ) d t ; (57)

where E

1

is the �rst exp onen tial in tegral. The general exp onen tial in tegral is

de�ned b y

E

n

( x ) �

Z

1

1

e

� xt

t

n

d t ; (58)

The mean in tensit y ma y b e synoptically expressed as an action of an

op erator, � , on the source function,

J

�

( �

�

) = �

�

�

[ S ( t )] ; (59)

where the � -op erator is de�ned b y

�

�

[ f ( t )] =

1

2

Z

1

0

E

1

( j t � � j ) f ( t ) d t ; (60)

The b eha vior of the k ernel functions corresp onding to the sp eci�c in ten-

sit y , (55), whic h is a simple exp onen tial, and for the mean in tensit y , whic h

is the �rst exp onen tial in tegral, (57), is displa y ed in Fig. 1 The width of the

k ernel decreases with decreasing � , whic h is easily understo o d b y realizing

that a unit optical distance for a photon tra v eling with a certain angle with

resp ect to the normal to the surface, � , corresp onds to a larger optical dis-

tance than for one tra v eling in the normal direction, b ecause the distance

is prop ortional to 1 =� . Similarly , the k ernel for the sp eci�c in tensit y propa-

gating in the normal direction ( � = 1) is signi�can tly wider than the k ernel

for the mean in tensit y . This is simply b ecause the mean in tensit y con tains

con tribution from all angles, i.e. the corresp onding k ernel is an a v erage o v er

all � -dep enden t sp eci�c in tensit y k ernels.
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Fig. 1. Kernel functions for the sp eci�c in tensit y at v arious angles (thin lines for

� = 1 ; 0 : 8 ; 0 : 6 ; 0 : 4, and 0 : 2), and for the mean in tensit y of radiation (thic k line)

F or practical purp oses, (57) or (59) ha v e to b e replaced b y a quadrature

sum. Equation (59) can th us b e written in the discretized form as

J

d

=

D

X

d

0

=1

�

dd

0

S

d

0

; (61)

where d denotes the depth index (w e dropp ed the frequency index � ). The

� -op erator can th us b e though t of as � -matrix, and the mean in tensit y as

w ell as the source function at all depths as column v ectors.

What is the meaning of the � -matrix? Let us tak e, quite formally , all

elemen ts of the source function v ector to b e zero except the i -th elemen t

whic h is tak en to b e 1, S

d

= �

di

. Then

0

B

B

@
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1

J
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=
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=

0

B
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�
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�

2 i

.

.

.

�

D i

1

C

C

A

: (62)

In other w ords, the i -th column of the � matrix is a solution of the transfer

equation with the source function giv en as a unit pulse function. Ph ysically ,



Stellar A tmospheres Theory: An In tro duction 19

the i -th column of � therefore describ es ho w the pulse whic h originated at

the i -th depth p oin t spreads o v er all depths.

2.8 Di�usion Appro ximation

Deep in the atmosphere, the source function approac hes the Planc k function,

S

�

! B

�

, b ecause virtually no photons escap e, and th us the medium ap-

proac hes the thermal equilibrium. Let us c ho ose a reference optical depth,

�

�

� 1, and let us expand the source function for t

�

� �

�

b y a T a ylor

expansion,

S

�

( t

�

) =

1

X

n =0

d

n

B

�

d �

n

�

( t

�

� �

�

)

n

n !

; (63)

Substituting this expression to the formal solution, (55) and (56), w e obtain

I

�

( t

�

; � ) =

1

X

n =0

�

n

d

n

B

�

d �

n

�

= B

�

( �

�

) + �

d B

�

d �

�

+ �

2

d

2

B

�

d �

2

�

+ : : : : (64)

By substituting this expression in to de�nition equations for the momen ts, w e

obtain

J

�

( �

�

) = B

�

( �

�

) +

1

3

d

2

B

�

d �

2

�

+ � � � ; (65)

H

�

( �

�

) =

1

3

d B

�

d �

�

+ � � � ; (66)

K

�

( �

�

) =

1

3

B

�

( �

�

) +

1

5

d

2

B

�

d �

2

�

+ � � � : (67)

These equations illustrate sev eral features of the b eha vior of the radiation

�eld at large depths. First, the mean in tensit y approac hes the Planc k func-

tion. Second, the radiation �eld is nearly isotropic, and the Eddington factor

f

K

�

= K

�

=J

�

approac hes 1 = 3. Finally , the mono c hromatic 
ux is giv en as a

deriv ativ e of the Planc k function with resp ect to the optical depth. Since the

Planc k function is only a function of temp erature, w e ma y express the 
ux

b y means of the temp erature gradien t,

H

�

=

1

3

d B

�

d �

�

= �

1

3

1

�

�

d B

�

d z

= �

1

3

1

�

�

d B

�

d T

d T

d z

: (68)

Th us, at great depths the transfer problem reduces to this single equation.

The name di�usion appr oximation comes from the similarit y of this equation

to other, material, di�usion equations, whic h are t ypically of the form


ux = (di�usion co e�cien t) � (gradien t of the relev an t quan tit y) : (69)

W e ma y th us think of the term ( � 1 = 3)(1 =�

�

)(d B

�

= d T ) as a r adiative di�u-

sion c o e�cient ; or, b ecause of a similarit y of (68) to the heat conductivit y

equation, as r adiative c onductivity .
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By in tegrating o v er all frequencies w e obtain for the total r adiation 
ux

in the di�usion appro ximation

H = �

�

1

3

1

�

R

d B

d T

�

d T

d z

: (70)

where the a v eraged opacit y is de�ned b y

1

�

R

d B

d T

=

Z

1

0

1

�

�

d B

�

d T

d � ; (71)

whic h is the w ell-kno wn R osseland me an op acity . One ma y de�ne man y other

a v eraged (mean) opacities b y simpler expressions, but w e see wh y the Rosse-

land opacit y is de�ned b y this seemingly strange expression { it yields the

exact total r adiation 
ux at large depths. Since the temp erature in the atmo-

sphere is in fact determined b y the condition imp osed on the total radiation


ux, the Rosseland mean opacit y yields the c orr e ct temp er atur e structur e

deep in the atmosphere. It is also clear wh y the Rosseland opacit y is the

most appropriate one for the use in the stellar in terior theory (de Grev e,

this v olume). Notice also that the in tegrand in the de�nition of Rosseland

opacit y con tains 1 =� , i.e. the con tribution to the in tegral is largest for the

lo w est mono c hromatic opacities. Indeed, for those frequencies the medium

is most transparen t, and therefore the mono c hromatic 
ux is largest. This

again sho ws that the Rosseland mean opacit y is the most appropriate one for

describing the total radiation 
ux.

3 Radiativ e T ransfer with Constrain ts; Escap e

Probabilit y

3.1 Tw o-lev el A tom

The simplest situation where w e ha v e a coupling of the radiativ e transfer

equation and the statistical equilibrium equation is an idealized case of a

t w o-lev el atom. Real atoms con tain man y energy lev els, so that this appro xi-

mation ma y seem at �rst sigh t to b e grossly inadequate. Ho w ev er it actually

pro vides a surprisingly go o d description of line formation in man y cases of in-

terest. And, more imp ortan tly , the case of the t w o lev el atom has a signi�can t

p edagogical v alue b ecause it pro vides an explanation of man y elemen tary pro-

cesses that are crucial to understand NL TE line formation. In other w ords,

a go o d ph ysical understanding of line formation in a t w o-lev el atom is a pre-

requisite to understanding of more complicated cases. Therefore, this mo del

will b e discussed here in certain detail.

Let us �rst deriv e the expression for the source function. Figure 2 sho ws

sc hematically the energy lev els and all the elemen tary pro cesses p opulating



Stellar A tmospheres Theory: An In tro duction 21

Fig. 2. Sc hematic represen tation of microscopic pro cesses in s t w o-lev el atom

and dep opulating the lev els. The absorption and emission co e�cien ts are

giv en b y

�

�

=

h�

0

4 �

( n

1

B

12

� n

2

B

21

) � ( � ) ; (72)

and

�

�

=

h�

o

4 �

n

2

A

21

� ( � ) ; (73)

where �

0

is the line-cen ter frequency , and B

12

, B

21

and A

21

are the Einstein

co e�cien ts for absorption, stim ulated emission, and sp on taneous emission,

resp ectiv ely , for the radiativ e transitions b et w een lev els 1 and 2; n

1

and n

2

are p opulations (o ccupation n um b ers) of lev els 1 and 2, resp ectiv ely , and � ( � )

is the absorption pr o�le . The latter expresses the probabilit y densit y that if

a photon is absorb ed (emitted) in a line 1{2, it has a frequency in the range

( � ; � + d � ). The pro�le co e�cien t is th us normalized to unit y ,

R

1

0

� ( � )d � = 1.

W e assume that there is no other absorption or emission mec hanism presen t.

It is adv an tageous to in tro duce a dimensionless frequency , x , b y

x �

� � �

0

��

D

; (74)

��

D

is the Doppler width, giv en b y ��

D

= ( �

0

=c ) v

th

, with the thermal

v elo cit y v

th

= (2 k T =m )

1 = 2

, m b eing the mass of the radiating atom. In the

case of a pure Doppler pro�le (i.e. no in trinsic broadening of the sp ectral line;

the only broadening is due to the thermal motion of radiators), the absorption

pro�le is giv en b y

� ( x ) = exp( � x

2

) =

p

� : (75)
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In a more general case, where there is an in trinsic broadening of lines de-

scrib ed b y a Loren tz pro�le in the atomic rest frame (the most common

t yp es of in trinsic broadening b eing the natural, Stark, and V an der W aals

broadening - see Mihalas 1978, or monograph b y Griem 1974), the pro�le

function is giv en b y the V oigt function,

� ( x ) = H ( a; x ) =

p

� ; H ( a; x ) =

a

�

Z

1

�1

e

� y

2

( x � y )

2

+ a

2

d y : (76)

The V oigt function is a con v olution of the Doppler pro�le (i.e. the thermal

motions) and the Loren tz pro�le (in trinsic broadening). The parameter a is

a damping parameter expressed in units of Doppler width, a = � = (4 � ��

D

),

where � is the atomic damping parameter. F or instance, for the natural

broadening of a line originating in a t w o-lev el atom, � = A

21

.

Opacit y in the line ma y b e written as

�

x

= � � ( x ) ; (77)

and analogously for �

x

. The optical depth corresp onding the the frequency-

indep enden t opacit y , � , is called the fr e quency-aver age d op acity in the line,

and is often used in line transfer studies. Notice that this opacit y is not equal

to the line cen ter opacit y , � (0), but is related to it b y , for instance for the

Doppler pro�le, � (0) = �=

p

� .

A remark is in order. W e use the same pro�le co e�cien t for absorption,

stim ulated emission, and sp on taneous emission { all of them are giv en through

� ( � ). This is an appro ximation called c omplete r e distribution (CRD), whic h

holds if an emitted photon is completely uncorrelated to a previously ab-

sorb ed photon. In other w ords, the absorb ed photon is re-emitted, i.e. redis-

tributed, c ompletely , without an y memory of the frequency at whic h it w as

previously absorb ed. A more exact description, taking in to accoun t photon

correlations, is called the p artial r e distribution (PRD) approac h. A discussion

of this approac h is b ey ond the scop e of the presen t lecture; moreo v er, PRD

e�ects are imp ortan t only for certain lines (e.g. strong resonance lines, lik e

h ydrogen L � , Mg I I h and k lines, etc.), and under certain conditions (rather

lo w densit y). The in terested reader is referred to sev eral reviews (e.g. Mihalas

1978; Hub en y 1985).

The source function follo ws from (72) and (73),

S

�

�

�

�

�

�

=

n

2

A

21

n

1

B

12

� n

2

B

21

� S

L

; (78)

whic h is indep enden t of frequency , thanks to the appro ximation of CRD.

Next step is to determine the ratio n

2

=n

1

whic h en ters the source function.

This is obtained from the statistical equilibrium equation, whic h states that

the n um b er of transitions in to the state 1 (or 2) is equal to the n um b er of

transitions out of state 1 (2). This equation reads

n

1

( R

12

+ C

12

) = n

2

( R

21

+ C

21

) ; (79)
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where R 's are the radiativ e rates, and C 's the collisional rates. The radiativ e

rates are giv en b y

R

12

= B

12

Z

1

0

J

�

� ( � ) d � � B

12

�

J ; (80)

R

21

= A

21

+ B

21

Z

1

0

J

�

� ( � ) d � � A

21

+ B

21

�

J ; (81)

where the quan tit y

�

J is called the fr e quency-aver age d me an intensity of radia-

tion. W e will view here collisional rates as kno wn functions of electron densit y

(since collisions with electrons are usually most e�cien t) and temp erature;

for details, refer e.g. to Mihalas (1978).

Using the w ell-kno wn relations b et w een the Einstein co e�cien ts, B

21

=B

12

=

g

1

=g

2

, and A

21

=B

21

= 2 h�

3

0

=c

2

, and the relation b et w een the collisional rates,

C

21

=C

12

= ( n

1

=n

2

)

�

= ( g

1

=g

2

) exp( h�

0

=k T ) (where ( n

1

=n

2

)

�

denotes the

L TE p opulation ratio), w e obtain after some algebra

S = (1 � � )

�

J + �B

�

0

; (82)

where

� =

�

0

1 + �

0

; �

0

=

C

21

(1 � e

� h� =k T

)

A

21

: (83)

In the t ypical case, h� =k T � 1 (since t ypical resonance lines, for whic h the

t w o-lev el appro ximation is adequate, are formed in the UV region where the

frequency is large), and therefore � ma y b e expressed simply as

� �

C

21

C

21

+ A

21

; (84)

whic h sho ws that � ma y b e in terpreted as a destruction pr ob ability , i.e. the

probabilit y that an absorb ed photon is destro y ed b y a collisional de-excitation

pro cess ( C

21

) rather than b eing re-emitted ( A

21

).

Equation (82) is the fundamen tal equation of the problem. The �rst term

on the righ t hand side represen ts the photons in the line created b y scattering,

i.e. b y the emission follo wing a previous absorption of a photon, while the

second term represen ts the thermal creation of a photon, i.e. an emission

follo wing a previous collisional excitation.

Mathematically , the source function, (82), is still a line ar function of the

mean in tensities. This is the case only for a t w o-lev el atom; in a general

m ulti-lev el atom the source function con tains non-linear terms in the radi-

ation in tensit y . The t w o-lev el atom is th us an in teresting p edagogical case:

it con tains a large-scale coupling of the radiation �eld and matter, y et the

coupling, although b eing non-lo cal, is still linear, and therefore m uc h easier

to handle (and understand!) than in the general case.

By applying an y of the n umerical metho ds whic h are discussed in the next

c hapter, one can easily obtain a solution of the t w o-lev el atom problem. Let us
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Fig. 3. Source function for a t w o-lev el atom in a constan t-prop ert y semi-in�nite

atmosphere, with B = 1 (whic h only states that the source function is ex-

pressed in units of B ), and for v arious v alues of the destruction parameter � ;

� = 10

� 2

; 10

� 4

; 10

� 6

; 10

� 8

tak e a standard example of line formation in a homogeneous semi-in�nite slab.

The homogeneit y implies that all material prop erties (temp erature, densit y ,

etc.) are indep enden t of depth. In the con text of the source function, (82),

this means that � , B , and � ( x ) are depth-indep enden t. The solution, �rst

obtained b y Avrett and Hummer (1965), is displa y ed in Fig. 3 for sev eral

v alues of the destruction parameter � . It sho ws t w o in teresting features:

i) The surface v alue of the source function is equal to

p

� B . Actually , this

is a rather robust result, whic h is v alid regardless of the t yp e of the pro�le

co e�cien t. Sev eral rigorous mathematical pro ofs exist (see, e.g., monograph

b y Iv ano v 1973); a ph ysical explanation of this result w as giv en b y Hub en y

(1987).

ii) The source function starts to deviate from the Planc k function at a

certain depth; b elo w this p oin t it is essen tially equal to B . This depth is called

the thermalization depth , and is traditionally denoted as � . W e use here the

notation �

th

to a v oid confusion with the � -op erator. Figure 3 indicates that

for a Doppler pro�le, �

th

� 1 =� . This indeed agrees with a more rigorous

analytical study (Avrett and Hummer 1965; Iv ano v 1973). These analyses
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moreo v er sho w that for a V oigt pro�le the thermalization depth is ev en larger,

�

th

� a=�

2

.

Wh y do es the source function decrease to w ards the surface? W e kno w

that in the case of a homogeneous medium the departures from L TE arise

only b ecause of the presence of the b oundary through whic h the photons

escap e. Before the line photons \feel" the presence of the b oundary (i.e. in

large enough optical depths), all microscopic pro cesses depicted on Fig. 2 are

in detailed balance, so the L TE appro ximation holds. Ho w ev er, as so on as

the photons start to feel the b oundary , i.e. they start to escap e from the

medium through the b oundary , the photo-excitations are no longer balanced

b y radiativ e de-excitations. Since the absorption rate dep end on the n um b er

of photons presen t, while the sp on taneous emission rate do es not (w e neglect

for simplicit y the stim ulated emission), the n um b er of radiativ e excitations

drops b elo w the n um b er of de-excitations as so on as photons start to escap e.

The lo w er lev el will consequen tly start to b e o v erp opulated with resp ect to

L TE, while the upp er lev el will b e underp opulated. Since the source function

measures the n um b er of photons created p er unit optical depth, and since

the n um b er of created photons is prop ortional to the p opulation of the upp er

lev el (b ecause this is the lev el from whic h the atomic transition accompanied

b y the photon emission o ccur), the source function has to drop b elo w the

Planc k function.

Ha ving understo o d that, w e no w face an in triguing question: Giv en that

departures from L TE arise b ecause of the presence of the b oundary , ho w

come that the thermalization depth, i.e. the depth where the departures of

the source function from the Planc k function set in, is so large? Recall that

the optical depth � in Fig. 3 is the frequency-a v eraged optical depth in the

line. One migh t then exp ect that the presence of the b oundary is felt b y an

\a v erage" photon around � � 1, while the actual depth where photons feel

the b oundary is m uc h larger (e.g. � � 10

6

for a t ypical v alue of � = 10

� 6

)!

The explanation hinges on the fact that an \a v erage" photon is not the

one whic h is resp onsible for the transp ort and escap e of photons in a line.

Let us follo w a photon tra jectory from the p oin t of its thermal creation. Let

us assume that the photon w as created at a large optical distance from the

b oundary . The photon is created with a large probabilit y of ha ving the fre-

quency near the line cen ter, b ecause this probabilit y is giv en b y the absorption

pro�le, � ( x ), whic h is a sharply p eak ed function of frequency around x = 0.

Consequen tly , the mono c hromatic optical depth is large, and so the ph ysical

distance it tra v els b efore the next absorption (i.e. the geometrical distance

corresp onding to �

x

� 1) is quite small. The same situation v ery lik ely o c-

curs after the next scattering. W e are then left with the follo wing picture

of photon tra jectory in the t w o-lev el atom case with complete redistribution

(the tra jectory for the case of partial redistribution is quite di�eren t!): The

photon mak es man y consecutiv e scatterings with the frequency sta ying close

to the line cen ter; during these scatterings the photon practically do es not
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Fig. 4. Sc hematic represen tation of a tra jectory of a photon a a gas of t w o-lev el

atoms

mo v e at all in the ph ysical space. Ho w ev er, in a v ery infrequen t ev en t when

it is re-emitted in the wing, the opacit y it sees drops suddenly b y orders of

magnitude, and therefore it can tra v el a v ery large distance. The situation is

depicted in Fig. 4. W e see that the transfer in the core is ine�cien t; what re-

ally accomplishes the transfer are infrequen t excursions of the photon to the

line wings. This mak es the photon transfer quite di�eren t from the massiv e

particle transp ort: The particle mean free path remains of the same order

of magnitude when a particle di�uses through the ph ysical space, while the

photon mean free path can c hange enormously . It is no w clear wh y the ther-

malization depth is so large: it is determined b y line{wing photons, whose

mean free path is m uc h larger that that of the core photons, whic h in turn

de�ne the mean optical depth � .

It is also clear wh y the thermalization depth dep ends on the destruction

probabilit y � . The total n um b er of consecutiv e scatterings is of the order of

1 =� ; if the photon do es not escap e b efore it exp eriences 1 =� scatterings, it is

destro y ed b y collisional pro cesses, and therefore do es not feel the presence of

the b oundary . These considerations are made more quan titativ e b y the esc ap e

pr ob ability approac h, whic h w e shall consider in detail in the next subsection.

Finally , I men tion that the source function for a line in a general m ulti-

lev el atom can alw a ys b e written in a form analogous to (82), viz. (see, e.g.,

Mihalas 1978)

S

L

ij

= (1 � �

ij

)

�

J

ij

+ �

ij

; (85)

where �

ij

and �

ij

are the generalized destruction and creation terms, re-
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sp ectiv ely; subscripts ij indicate that the quan tities are appropriate for the

transition i ! j . This approac h is called the e quivalent-two-level-atom (ET A)

approac h. The source function is formally a linear function of the mean in ten-

sit y . Ho w ev er, it should b e realized that the destruction and creation terms

�

ij

and �

ij

con tain con tributions from the transition rates in all transitions

in and out of states i and j , whic h dep end on the radiation �eld. Therefore,

despite apparen t linearit y of equation (85), one has to solv e a general m ulti-

lev el atom problem b y an iteration pro cess. The ET A approac h ma y or ma y

not con v erge in actual situations, and is not recommended as a robust and

univ ersal metho d. Nev ertheless, it ma y b e useful in some applications (see,

for instance, sev eral pap ers in Kalk ofen 1984 and 1987; or Castor et al. 1992).

3.2 Escap e Probabilit y

Let us �rst consider a probabilit y that a photon with frequency � and prop-

agating in the direction sp eci�ed b y angle � escap es in a single 
igh t. This

probabilit y is giv en b y

p

� �

= e

� �

� �

; (86)

whic h follo ws from the v ery ph ysical meaning of optical depth (see Sect. 2.4).

The angle-a v eraged escap e probabilit y is giv en b y

p

�

( �

�

) =

1

2

Z

1

0

e

� �

�

=�

d � =

1

2

E

2

( �

�

) ; (87)

where the in tegration only extends for angles � � 0, since photons mo ving in

the in w ard direction ( � < 0) cannot escap e. Finally , the angle- and frequency-

a v eraged escap e probabilit y for photons in one line is giv en b y (adopting the

x -notation, and writing x as a subscript)

p

e

( � ) =

Z

1

�1

�

x

p

x

( �

x

) d x =

1

2

Z

1

�1

�

x

E

2

( � �

x

) d x : (88)

Notice that at the surface, p

e

(0) = 1 = 2, b ecause a photon is either emitted

in the out w ard direction, in whic h case it certainly escap es, or in the in w ard

direction, in whic h case it do es not escap e (assuming an isotropic emission).

W e ma y no w quan tify the considerations giv en in the previous subsection.

W e in tro duce the photon destruction pr ob ability b y

p

d

= � ; (89)

and w e ha v e the photon esc ap e pr ob ability , p

e

, de�ned ab o v e. No w, if p

e

� p

d

,

photons are lik ely thermalized b efore escaping from the medium. In other

w ords, the line photons do not feel the presence of the b oundary , and therefore

S � B . On the other hand, if p

e

� p

d

, photons lik ely escap e b efore b eing
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thermalized, i.e. destro y ed b y a collisional pro cess. It is therefore natural to

de�ne the thermalization depth �

th

, as

p

e

( �

th

) = p

d

; (90)

whic h indeed giv es, b y substituting the Doppler pro�le in (88), the expression

�

th

� 1 =� .

The escap e probabilit y considerations are actually m uc h more p o w erful

than just to explain the v alue of thermalization depth. One ma y in fact con-

struct appro ximate expressions for the source function as a function of depth.

T o demonstrate this, let us consider the follo wing simple mo del: W e kno w that

�

J measures the n um b er of photons absorb ed in a line p er unit optical depth

in terv al [whic h ma y b e v eri�ed b y in tegrating (35) o v er frequencies]. If w e

are far from the surface, all the photons emitted p er unit optical distance,

S ( � ) d� , either escap e from the medium b y a single 
igh t (with a probabilit y

p

e

), or are re-absorb ed, more or less on the sp ot, with probabilit y 1 � p

e

. This

suggests that the n um b er of photons absorb ed at � , i.e.

�

J ( � ), should b e giv en

b y

�

J ( � ) = S ( � ) ( 1 � p

e

) ; (91)

whic h giv es us the desired appro ximate relation b et w een the a v eraged mean

in tensit y of radiation and the source function, without actually solving the

transfer equation!

A v ery in teresting p oin t is that w e can arriv e, purely mathematically , to

the same equation if w e start with the in tegral expression (116) (see Sect.

4.2), and do the follo wing tric k: Since the k ernel function K

1

( t ) v aries m uc h

more rapidly than S ( t ), w e ma y assume that the source function do es not

v ary o v er the range where the k ernel function v aries appreciably . In other

w ords, w e ma y remo v e S ( t ) from the in tegral in (116), and put S ( t ) = S ( � ).

One ma y easily v erify that b y in tegrating the k ernel function K

1

o v er � one

obtains (91) with p

e

giv en b y (88).

Substituting (91) in to the the expression for the source function, (82), w e

obtain the follo wing expression for the source function,

S ( � ) =

�

� + (1 � � ) p

e

B ; (92)

whic h is traditionally called the �rst-or der esc ap e pr ob ability appr oximation .

It describ es v ery w ell the b eha vior of the source function at depths, but it

fails to repro duce the

p

� -la w, since it yields for the source function at the

surface S (0) = 2 �= (1 + � ) B , whic h ma y b e quite di�eren t from

p

� B . The

reason for this can b e easily understo o d: an y transfer of photons is neglected

here, and the problem is reduced to just t w o mec hanisms { a photon either

escap es in a single direct 
igh t, or is thermalized. This so-called \dic hoto-

mous" mo del w orks w ell deep in the atmosphere, but fails in the outer la y ers

of the atmosphere, where the transfer of photons is imp ortan t.
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Without going to an y more details, I just men tion that the so-called

se c ond-or der esc ap e pr ob ability formalism, whic h tak es in to accoun t some as-

p ects of the photon transp ort, w as dev elop ed (for an illuminating discussion,

see an excellen t review b y Rybic ki, 1984). The resulting expression for the

source function in a homogeneous atmosphere is

S ( � ) =

�

�

� + 2(1 � � ) p

e

�

1 = 2

B ; (93)

whic h b eha v es v ery similarly to the �rst-order appro ximation at depths, but

no w yields the correct expression for the source function at the surface, S (0) =

p

� B .

Concluding, the escap e probabilit y approac h is v ery useful and v ery p o w-

erful, b ecause it is able to pro vide simple appro ximate relations b et w een the

source function and the mean in tensit y of radiation, based on simple ph ys-

ical argumen ts. It can therefore b e used in cases where detailed n umerical

solutions are either to o complicated and time consuming (lik e in the case of

radiation h ydro dynamic sim ulations, where the radiativ e transfer equation

is solv ed in a h uge n um b er of time steps), or where a high accuracy of pre-

dicted emergen t radiation is not required. Ho w ev er, one should alw a ys k eep

in mind that the escap e probabilit y metho ds are inher ently appr oximate , and

therefore one should b e alw a ys a w are of their p oten tial limitations and in-

accuracies. Finally , I stress that these metho ds w ere discussed here partly

b ecause of the ab o v e reasons, and partly b ecause of their in timate relation to

a class of mo dern n umerical metho ds, called Accelerated Lam b da Iteration

(ALI) metho ds, whic h will b e discussed in the next section.

4 Numerical Metho ds

There are sev eral t yp es of n umerical metho d, dep ending on the degree of

complexit y of the problem at hand. In this section, w e will consider n umerical

metho ds for treating three basic problems, ordered b y increasing complexit y ,

i) a formal solution of the radiativ e transfer equation { where the source

function is sp eci�ed; ii) a solution of linear line formation problems { the

source function is a linear function of radiation in tensit y; and iii) a solution

of general non-linear problems.

4.1 F ormal Solution of the T ransfer Equation

By the term formal solution w e understand a solution of the transfer equation

if the source function is fully sp eci�ed. W e ha v e already sho wn the formal

solution of the transfer equation, giv en b y (39) for the general case; or b y

(55) and (56) for a semi-in�nite atmosphere. The related expression for the

mean in tensit y is (57). In practice, w e ma y replace the in tegral o v er optical
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depth b y a quadrature sum, and calculate the radiation in tensit y b y a simple

summation.

Wh y , then, w ould w e need to consider other n umerical metho ds for this

apparen tly trivial problem? The basic p oin t is that the simple n umerical

quadrature is extremely ine�cien t from the p oin t of view of computer time.

This is b ecause the k ernel functions con tain exp onen tials, whic h are v ery

costly to compute. As w e will see later on, the sp eed of mo dern n umerical

metho ds whic h solv e a general coupled problem is in fact determined b y the

sp eed with whic h the individual formal solutions are accomplished. Therefore,

w e ha v e to seek as e�cien t n umerical sc hemes for p erforming a formal solution

as p ossible.

There are essen tially t w o classes of metho ds, namely those based on

1. the �rst-order form of the transfer equation; or

2. the second-order form of the transfer equation. The second-order metho d

is usually called the F eautrier metho d, in honor of its originator (F eautrier

1964).

First-order metho ds. They w ere not used v ery m uc h during the last t w o

decades. Ho w ev er, they w ere reviv ed recen tly b y an ingenious adaptation of

the Discon tin uous Finite Elemen t (DFE) metho d b y Castor et al. (1992).

This sc heme no w app ears to b e an extremely adv an tageous metho d, and will

v ery lik ely b e used more and more in the stellar atmosphere n umerical w ork.

I will presen t only a brief outline here; the in terested reader is referred to the

original pap er.

Let us assume a giv en frequency � and angle � . Let us denote � the

mono c hromatic optical depth at frequency � , along the ra y sp eci�ed b y angle

� . In the follo wing, w e drop an explicit indication of frequency and angle

v ariables. The in tensit y of radiation in the optical depth in terv al b et w een

t w o discretized depth p oin ts, ( �

d

; �

d +1

), is assumed to b e giv en as a linear

function of optical depth.

I ( � ) = I

+

d

�

d +1

� �

��

d

+ I

�

d +1

� � �

d

��

d

: (94)

T o a v oid confusion, I stress that w e deal with the in tensit y in one dir e ction

only; the notation I

+

and I

�

do es not mean in tensities in opp osite directions,

as it is usually used in the radiativ e transfer theory .

If I

�

d

= I

+

d

, the linear represen tation of in tensit y , (94), is a con tin uous

function of frequency . Ho w ev er, the related n umerical metho d w ould b e quite

inaccurate. The essence of the DFE metho d is to allo w for step disc ontinuities

at p oin ts �

d

, i.e. w e consider generally I

�

d

6= I

+

d

. Substituting (94) in to the

transfer equation (29), and p erforming analytic manipulations describ ed in

Castor et al. (1992), one obtains �nal linear relations for the quan tities I

+

and I

�

, viz.

I

�

d +1

+ I

+

d

� 2 I

�

d

��

d

= S

d

� I

�

d

; (95)
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and

I

�

d +1

� I

+

d

��

d

= S

d +1

� I

�

d +1

: (96)

By eliminating I

+

d

w e obtain a simple linear recurrence relation for I

�

d

,

( ��

2

d

+ 2 ��

d

+ 2) I

�

d +1

� 2 I

�

d

= ��

d

S

d

+ ��

d

( ��

d

+ 1) S

d +1

; (97)

and I

+

d

follo ws from

( ��

2

d

+ 2 ��

d

+ 2) I

+

d

= 2( ��

d

+ 1) I

�

d

+ ��

d

( ��

d

+ 1) S

d

� ��

d

S

d +1

: (98)

Finally , the resulting sp eci�c in tensit y at �

d

is giv en as a linear com bination

of the \discon tin uous" in tensities I

�

d

and I

+

d

,

I

d

=

I

�

d

��

d

+ I

+

d

��

d � 1

��

d

+ ��

d � 1

: (99)

Second-order, or F eautrier metho d. The basis of the metho d is to in-

tro duce the symmetric and an tisymmetric a v erages of the sp eci�c in tensit y ,

j

��

�

1

2

[ I (+ �; � ) + I ( � �; � )] ; (0 � � � 1) ; (100)

h

��

�

1

2

[ I (+ �; � ) � I ( � �; � )] ; (0 � � � 1) : (101)

Considering separately the transfer equation (29) for p ositiv e and negativ e

� 's, and adding and subtracting these equations w e obtain,

� (d h

��

= d �

�

) = j

��

� S

�

; (102)

� (d j

��

= d �

�

) = h

��

: (103)

Using (103) to eliminate h

��

from (102), w e obtain

�

2

d

2

j

��

d �

2

�

= j

��

� S

�

: (104)

This equation is v ery similar to the momen t equation (54); also the quan tit y

j

��

is v ery similar to the mean in tensit y J

�

. The essen tial di�erence b et w een

(54) and (104) is that (104) is a close d equation for the symmetrized in tensit y

j

��

, whic h ma y therefore b e solv ed in a single step if the source function is

kno wn.

Sp ecial care should b e dev oted to the b oundary conditions. The sp eci�c

in tensit y is sp eci�ed for negativ e � 's at the upp er b oundary , and for the

p ositiv e � 's at the lo w er b oundary;

I ( � �; � ; � = 0) = I

�

��

; (0 � � � 1) ; (105)

I (+ �; � ; � = �

max

) = I

+

��

; (0 � � � 1) ; (106)
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( �

max

= 1 for a semi-in�nite atmosphere). Substituting (105) in to (103), and

using (101), w e obtain

� ( d j

��

=d�

�

)

0

= j

��

(0) � I

�

��

; (107)

� ( d j

��

=d�

�

)

�

max

= I

+

��

� j

��

( �

max

) : (108)

In most cases, the incoming in tensit y I

�

��

= 0. F or a semi-in�nite atmosphere,

the di�usion appro ximation is usually used for the lo w er b oundary condition,

I

+

��

= B

�

( �

max

) + � ( @ B

�

=@ �

�

)

�

max

: (109)

Equation (104), together with b oundary conditions (107) and (108) is

solv ed n umerically b y discretizing the depth v ariable. The discretized form

ma y b e written as (writing u � j

��

),

� A

d

u

d � 1

+ B

d

u

d

� C

d

u

d +1

= S

d

; (110)

Detailed expressions for the elemen ts A; B ; C are giv en in the standard

textb o oks (e.g. Mihalas 1978). The resulting tridiagonal set of equations is

solv ed b y a straigh tforw ard Gaussian elimination, consisting in a forw ard-

bac kw ard recursiv e sw eep, namely

D

d

= ( B

d

� A

d

D

d � 1

)

� 1

C

d

; D

1

= B

� 1

1

C

1

; (111)

Z

d

= ( B

d

� A

d

D

d � 1

)

� 1

( S

d

+ A

d

Z

d � 1

) ; Z

1

= B

� 1

1

S

1

; (112)

follo w ed b y the rev erse sw eep,

u

d

= D

d

u

d +1

+ Z

d

; u

N D +1

= 0 ; (113)

where N D is the n um b er of discretized depth p oin ts.

4.2 Linear Coupling Problems

The second class of metho ds are those in whic h the source function is giv en as

a kno wn, line ar , function of the sp eci�c in tensities. A t ypical example is the

line formation in a t w o-lev el atom, where the source function is giv en b y (82).

A more general case is the equiv alen t-t w o-lev el-atom source function, (85),

with the creation and destruction terms �

ij

and �

ij

assumed to b e sp eci�ed.

In other w ords, this corresp onds to solving the transfer problem for one line

at a time.

Numerical solution can either b e done b y a di�er ential e quation approac h,

or b y an inte gr al e quation approac h.
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The di�eren tial equation metho d consists in c hosing discrete v alues of

frequencies, ( x

i

; i = 1 ; : : : ; N F ) and angles ( �

j

; j = 1 ; : : : ; N A ), and to solv e

a coupled set of transfer equations written for all frequency-angle p oin ts,

�

j

d I ( x

i

; �

j

; � )

d �

= � ( x

i

) [ I ( x

i

; �

j

; � ) � S ( � )] ; (114)

where the source function on the righ t hand side is giv en b y (85), replacing

the in tegrals o v er frequency and angle b y a quadrature sum,

S = (1 � � )

1

2

N F

X

i =1

N A

X

j =1

w

x

i

w

�

j

� ( x

i

) I ( x

i

; �

j

) + � ; (115)

where w

x

i

and w

�

j

are the quadrature w eigh ts for the in tegration o v er fre-

quencies and angles, resp ectiv ely . The source function couples al l frequencies

and angles, but the main p oin t is that the source function is a linear function

of the sp eci�c in tensities, (85). The system (114) is th us a system of line ar

di�eren tial equations. One ma y construct a column v ector I whose elemen ts

are v alues of sp eci�c in tensit y at giv en depth for all pairs of ( x; � ), and write

all equations (114) as one di�eren tial equation for the v ector I . One ma y then

apply the F eautrier metho d describ ed ab o v e; equations (100) - (113) remain

the same, only the meaning of u and the co e�cien ts A; B ; C will b e di�er-

en t. u will represen t a v ector ( j

�

i

�

j

; i = 1 ; : : : ; N F ; j = 1 ; : : : ; N A ) (i.e. the

F eautrier in tensities at all discretized frequency-angle p oin ts), and A; B ; C

will b e ( N F � N A ) � ( N F � N A ) matrices. The resulting system of linear

equations forms a blo c k-tridiagonal system.

The in tegral equation metho d is based on expressing the a v eraged mean

in tensit y

�

J as an in tegral o v er S, whic h easily follo ws from the formal solu-

tion of the transfer equation discussed in Sect. 2. By in tegrating (57) o v er

frequencies, w e obtain

�

J ( � ) =

Z

1

0

S ( t ) K

1

( j t � � j ) d t ; (116)

where the k ernel function K

1

is giv en b y

K

1

( s ) =

Z

1

0

E

1

( �

x

s ) �

2

x

d x : (117)

The b eha vior of the k ernel function dep ends on the t yp e of the absorption

pro�le. As can b e in tuitiv ely exp ected, it has a narro w er p eak for the Doppler

pro�le than for the V oigt pro�le. A useful n umerical algorithm for computing

the function K

1

w as giv en b y Hummer (1981).

Substituting (116) in to (82) yields the follo wing in tegral equation for the

source function:

S ( � ) = (1 � � )

Z

1

0

S ( t ) K

1

( j t � � j ) dt + �B : (118)
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This equation w as �rst solv ed more than three decades ago b y Avrett and

Hummer (1965). The equation w as subsequen tly extensiv ely studied analyt-

ically b y the Russian analytical sc ho ol. Man y elegan t analytical results are

summarized in a monograph b y Iv ano v (1973); this b o ok is recommended to

an y one who in tends to study the radiativ e transfer seriously .

The in tegral equation approac h has sev eral adv an tages and dra wbac ks.

The adv an tage is that it deals with one simple in tegral equation for S , so

in a sense it is form ulated in the most e�cien t w a y since the kno wledge of

S represen ts the solution of the problem (individual sp eci�c in tensities of

radiation ma y then easily b e obtained b y the formal solution of the transfer

equation). In other w ords, the coupling of radiation and material prop er-

ties in the in tegral equation approac h is fully con tained in the function K

1

,

whic h is calculated in adv ance, while in the di�eren tial equation approac h the

coupling is treated explicitly . Nev ertheless, the di�eren tial equation approac h

ma y b e reform ulated in an e�cien t w a y b y casting it in the form analogous to

the in tegral approac h (the so-called Rybic ki v arian t of the F eautrier metho d

{ see Rybic ki 1971). In an y case, the in tegral equation approac h su�ers from

a signi�can t dra wbac k, namely that in ev aluating the k ernel function (and in

the formal solution of the transfer equation), one faces the task of ev aluating

a large n um b er of exp onen tials, whic h are computationally v ery costly . There-

fore, most of the actual n umerical w ork in the radiativ e transfer is no w ada ys

b eing done using the di�eren tial equation approac h.

4.3 Accelerated Lam b da Iteration

In the previous section, w e sa w that the t w o-lev el atom problem is a linear

one, and th us ma y b e solv ed in a single step, without an y iterations. Ho w ev er,

one pa ys a high price for that: one has to in v ert, at ev ery discretized depth

p oin t, some auxiliary matrices whose dimension is giv en b y the pro duct of

the n um b er of discretized frequencies times the the n um b er of discretized

angles. [The situation ma y b e alleviated b y emplo ying the so-called V ariable

Eddington F actor tec hnique, dev elop ed b y Auer and Mihalas (1970), whic h

treats the angle coupling separately . The size of matrices is reduced but is

still giv en b y the n um b er of frequencies, whic h ma y b e large]. Generally , one

should realize that any metho d that describ es a c oupling of various quantities

by me ans of a dir e ct matrix inversion is fundamental ly limite d in that the

computer time scales as the cub e of the n um b er of quan tities (i.e. the n um b er

of frequency p oin ts in our case).

Therefore, one needs faster sc hemes. Ho w can this b e accomplished? The

clue is to realize that some part of the ph ysical coupling is more imp ortan t

than others. In other w ords, not all the parts of the coupling should neces-

sarily b e treated on the same fo oting; it is more or less a n umerical o v erkill

to do so. So, this hin ts that the \imp ortan t part" of the coupling should b e

treated exactly , while the rest ma y b e treated iterativ ely .
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Belo w, I demonstrate the metho d on an example of a t w o-lev el atom.

Ho w ev er, the metho d is m uc h more p o w erful, and can b e applied to virtually

an y astroph ysical radiativ e transfer problem. One suc h application will b e

men tioned in Sect. 5.4. W e �rst recall that the t w o-lev el problem ma y b e

written, b y substituting (60) in to (82), as

S = (1 � � )

�

� [ S ] + �B ; (119)

(whic h is just another expression of the in tegral equation form 118). The

frequency-a v eraged lam b da op erator is giv en b y

�

� =

Z

1

0

�

�

� ( � )d � ; (120)

with the frequency-dep enden t Lam b da op erator �

�

giv en b y (60). In the

follo wing, I omit the bar o v er � for notational simplicit y .

In a seminal pap er Cannon (1973) in tro duced in to astroph ysical radiativ e

transfer theory the metho d of deferr e d c orr e ctions (also called, somewhat

inaccurately , an op er ator splitting ), long kno wn in n umerical analysis. The

idea consists of writing

� = �

�

+ ( � � �

�

) ; (121)

where �

�

is an appropriately c hosen appr oximate lamb da op er ator . The iter-

ation sc heme for solving (119) ma y then b e written as

S

( n +1)

= (1 � � ) �

�

[ S

( n +1)

] + (1 � � )( � � �

�

)[ S

( n )

] + �B ; (122)

or, in a sligh tly di�eren t form whose imp ortance b ecomes apparen t later,

S

( n +1)

� S

( n )

= [1 � (1 � � ) �

�

]

� 1

[ S

FS

� S

( n )

] ; (123)

where

S

FS

= (1 � � ) � [ S

( n )

] + �B : (124)

Sup erscript FS stands for F ormal Solution. In other w ords, (122) sho ws that

the action of the exact � op erator is split in to t w o con tributions: an appro x-

imate �

�

op erator whic h acts on the new iterate of the source function, and

the di�erence b et w een the exact and appro ximate op erator, � � �

�

, acting on

the previous, kno wn, iterate of the source function. The latter con tribution

ma y b e easily ev aluated b y the formal solution.

If w e c ho ose �

�

= 0, w e reco v er the \ordinary" lam b da iteration, whic h

is straigh tforw ard, but is kno wn to con v erge v ery slo wly { see, e.g. Mihalas

1978; or Olson, Auer, Buc hler (1986 { hereafter referred to as O AB). On

the other hand, the c hoice �

�

= � represen ts the exact metho d, whic h is

done without an y iteration, but an in v ersion of the exact � op erator ma y

b e costly . So, in order that �

�

brings an essen tial impro v emen t o v er b oth

metho ds, it has to satisfy the follo wing requiremen ts: i) it has to incorp orate

all the essential prop erties of the exact � op erator in order to obtain a fast

con v ergence rate of the iteration pro cess; but at the same time, ii) it m ust b e
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easy (and c heap) to in v ert. These requiremen ts are generally incompatible,

therefore the construction of the optim um �

�

is a delicate matter.

The in teresting history of the quest for the optim um �

�

op erator is sum-

marized b y Hub en y (1992). Let us stress that a n umerically most adv an ta-

geous appro ximate op erator is a diagonal (i.e. lo cal) op erator �

�

, in whic h

case it represen ts a m ultiplication b y a scalar v alue, and its in v ersion is a

simple division. T o understand that the term \diagonal op erator" is equiv a-

len t to the term \lo cal op erator", recall (61) and (62). These equations also

explain wh y a go o d appro ximation for the exact � -matrix is its diagonal.

Recall that the matrix elemen t �

j i

tells us what p ortion of photons created

in an elemen tary in terv al around depth p oin t i [i.e. S ( �

i

)] are b eing absorb ed

at depth p oin t j [describ ed b y J ( �

j

)]. Most photons are absorb ed v ery close

to the p oin t of their creation, so the diagonal term �

ii

is m uc h larger than

the o�-diagonal terms. In other w ords, appro ximating the exact � b y a diag-

onal op erator means replacing the k ernel fun tion for the mean in tensit y , (60)

b y a � -function, whic h, as seen in Fig. 1, is quite reasonable. (These consid-

erations also sho w that the next simplest appro ximation for the � -op erator

w ould b e its tridiagonal part; here an in teraction b et w een a giv en depth and

its immediate neigh b ors is tak en in to accoun t.)

Equation (123) is particularly instructiv e. It sho ws that iteration is driv en,

similarly as the ordinary lam b da iteration, b y the di�erence b et w een the old

source function and the new er source function obtained b y formal solution.

Ho w ev er, unlik e the ordinary lam b da iteration, this di�erence is ampli�ed b y

the \acceleration op erator" [1 � (1 � � ) �

�

]

� 1

. T o gain more insigh t, let us con-

sider a diagonal (i.e. lo cal) �

�

op erator. The appropriate �

�

has to b e c hosen

suc h as �

�

( � ) ! 1 for large � (see b elo w). Since in t ypical cases � � 1, the

acceleration op erator indeed acts as a large ampli�cation factor. This in ter-

pretation w as �rst in tro duced b y Hamann (1985), who also coined the term

\Accelerated Lam b da Iteration" (ALI). The acron ym ALI is also sometimes

understo o d to mean \Appro ximate Lam b da Iteration". Other terms for ALI

are Op er ator Perturb ation (Kalk ofen 1987), or Appr oximate{Op er ator Iter a-

tion (A OI; Castor et al. 1991, 1992). Finally , the term \accelerated � iter-

ation" should not b e confused with \acceleration of con v ergence", discussed

later on.

Ho w do w e kno w that �

�

should approac h unit y at large depths? Here

comes the in timate relation b et w een the escap e probabilit y and the ALI meth-

o ds, men tioned in Sect. 3.2. Recall that the escap e probabilit y formalism

giv es a relation b et w een b et w een the mean in tensit y and the source func-

tion, namely

�

J = (1 � p

e

) S . This is exactly what w e need here { a lo cal

appro ximate relation b et w een

�

J and S . W e ma y th us put, as a reasonable

c hoice, �

�

= 1 � p

e

, whic h indeed sho ws that �

�

approac hes unit y for large

� . This escap e-probabilit y form of �

�

ma y b e used for n umerical w ork, but

mo dern approac hes pro vided more e�cien t and robust w a ys to construct the

appro ximate �

�

op erator.
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I will not discuss here all p ossible v arian ts of the �

�

op erator; the in-

terested reader is referred to Hub en y (1992). I will only men tion sev eral

imp ortan t pap ers. First, Sc harmer (1981) reviv ed Cannon's original ideas,

and constructed an ingenious �

�

op erator based on the Eddington-Barbier

relation. Next, O AB ha v e sho wn, using rigorous mathematics, that a nearly

optim um �

�

op erator is a diagonal part of the true � op erator. Olson and

Kunasz (1987) sho w ed that the tridiagonal and p ossibly higher m ulti-band

parts of the lam b da op erator yield ev en more rapid con v ergence. Finally , Ry-

bic ki and Hummer (1991) used a formalism based on the F eautrier sc heme,

emplo ying a v ery e�cien t algorithm for in v erting a tridiagonal matrix, and

demonstrated that the en tire set of the diagonal elemen ts of � can b e found

with an order of N D op erations. This feature mak es it the metho d of c hoice,

since it a v oids computing costly exp onen tials, a problem inheren t to b oth

previous approac hes (O AB; Olson and Kunasz 1987).

Acceleration of Con v ergence. This is a highly tec hnical topic, but is

men tioned here b ecause it has recen tly b ecome an imp ortan t ingredien t of

the ALI metho ds. Only a brief summary of the basic ideas is presen ted here.

An y iterativ e sc heme can b e written in the form

x

( n +1)

= F � x

( n )

+ x

(0)

; (125)

where F is called the ampli�c ation matrix . In the case of the linear transfer

problem, (122), w e ha v e F giv en b y F = [1 � (1 � � ) �

�

]

� 1

[(1 � � )( � � �

�

)],

where x

( n )

is an n -th iterate of the source function.

As it is w ell kno wn from linear algebra, an y iteration metho d where the

( n + 1)-th iterate is solely ev aluated b y means of the previous one con v erges

only line arly . Ho w ev er, taking in to accoun t information from the earlier it-

erates, one ma y �nd faster sc hemes. I will not discuss these metho ds in an y

detail here, the in terested reader is referred to the review pap ers b y Auer

(1987, 1991), or to the original pap ers cited therein. I just brie
y men tion

that for the most p opular sc heme, the Ng acceleration, the general expression

for the accelerated estimate of the solution in the n -th iteration is written

x

acc

=

 

1 �

M

X

m =1

�

m

!

x

( n )

+

M

X

m =1

�

m

x

( n � m )

; (126)

where the co e�cien ts � are determined b y a residual minimization. Practical

expressions are giv en b y O AB, Auer (1987, 1991), or Hub en y and Lanz (1992).

4.4 Non-linear Coupling Problems

T o illustrate the basic problem of applying ALI in m ultilev el problems, let us

�rst write do wn the expression for the radiativ e rates. F or simplicit y , let us
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consider only lines; the treatmen t of con tin ua is analogous. The net transition

rate for an y line i ! j ( i and j 6= i represen t an y states of an atom), is

R

net

j i

= n

j

A

j i

� ( n

i

B

ij

� n

j

B

j i

)

�

J

ij

; (127)

The basic ALI equation, (121), giv es for

�

J

ij

�

J

ij

= �

�

[ S

new

] + ( � � �

�

)[ S

old

] : (128)

Here the second term, whic h ma y b e written as �

�

J

old

ij

, is kno wn from the pre-

vious iteration. Ho w ev er, the �rst term con tains S

new

whic h is a complicated,

and generally non{linear function of the \new" p opulations.

This is an unfortunate situation. By applying the ALI idea, w e ha v e suc-

ceeded to eliminate the radiation in tensit y from the rate equations, but at

the exp ense of ending with a set of non-linear equations for the p opulations.

W e cop e with this problem b y one of the p ossible t w o w a ys:

1. Line arization . The usual w a y of solving the set of non-linear equations

is b y applying the Newton{Raphson metho d. This ma y b e rather time

consuming b ecause eac h iteration requires to set up and to in v ert the

Jacobi matrix of the system.

2. Pr e c onditioning . This is an ingenious w a y to analytically remo v e inac-

tiv e (scattering) parts of radiativ e rates from the rate equations, and to

reco v er a linearit y of the ALI form of the rate equations.

Let us demonstrate the idea of preconditioning on a simple case, where the

total source function is giv en b y the line source function S

ij

= n

j

A

j i

= ( n

i

B

ij

�

n

j

B

j i

) (i.e., the case of non-o v erlapping lines and no bac kground con tin uum).

Let us further assume that w e ha v e a lo cal (diagonal) appro ximate �

�

op-

erator ( �

�

is then a real n um b er). The net rate (127) ma y b e written, after

some algebra,

R

net

j i

= n

j

A

j i

(1 � �

�

j i

) � ( n

i

B

ij

� n

j

B

j i

) �

�

J

old

ij

; (129)

whic h is indeed line ar in the p opulations!

This is a v ery in teresting expression. Notice �rst that the original net rate,

(127), is represen ted b y a subtraction of t w o large con tributions, al l emission

min us all absorptions, while the result, the net rate, is rather small. Ph ysi-

cally , this follo ws from the fact that most emissions (i.e. radiativ e transitions

j ! i ) are those whic h immediately follo w a previous absorption of a photon

(transitions i ! j ), i.e. they are the part of a sc attering pro cess. In order to

impro v e the n umerical conditioning of the system of rate equations, w e ha v e

to someho w eliminate the scattering con tributions, i.e. to \precondition" the

rates. An illuminating discussion of this topic is presen ted b y Rybic ki (1984).

In the ALI form of the net rate, (129), w e see that deep in the atmosphere,

�

�

! 1, so that the �rst term is indeed v ery small. Similarly , the second term

is also small b ecause �

�

J

ij

is small. In other w ords, the radiativ e rates are
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indeed preconditioned. In the con text of the ALI approac h, this idea w as

�rst used b y W erner and Husfeld (1985); a systematic study w as presen ted

b y Rybic ki and Hummer (1991, 1992), who ha v e extended it to the case of

general o v erlap of lines and con tin ua.

5 Mo del A tmospheres

5.1 De�nition and T erminology

By the term mo del atmospher e w e understand a sp eci�cation of all the at-

mospheric state parameters as functions of depth. Since the problem is v ery

complex, w e cannot construct analytic solutions. Therefore, w e discretize the

depth co ordinate and consider a �nite n um b er of depth p oin ts { this n um b er

is t ypically of the order of sev eral tens to few h undreds. A mo del atmosphere

is then a table of v alues of the state parameters in these discretize depth

p oin ts.

Whic h are the parameters that describ e the ph ysical state of the atmo-

sphere? The list of parameters dep end on the t yp e of the mo del, i.e. on the

basic assumptions under whic h the mo del is constructed. T raditionally , the

list of state parameters includes only massiv e particle state parameters (e.g.

temp erature, densit y , etc.), but not the radiation �eld parameters. This migh t

seem to b e in sharp con trast of what w as b eing stated b efore, namely that

radiation in tensit y is in fact a crucial parameter. It indeed is, and in fact

the radiation in tensit y is an imp ortan t state parameter in the pro cess of con-

structing the atmospheric structure. But, when the system of all structural

equations, whic h includes the radiativ e transfer equation, is solv ed, w e do

not ha v e to k eep the radiation in tensit y in the list of state parameters whic h

has to b e stored in the table represen ting the mo del. The p oin t is that once

all the necessary material prop erties are giv en, w e ma y easily determine the

radiation �eld b y a formal solution of the transfer equation.

The terminology is sometimes am biguous. Some astronomers, mostly ob-

serv ers, understand b y the term \mo del stellar atmosphere" a table of emer-

gen t radiation 
ux as a function of w a v elength. This is understandable, since

for man y purp oses the predicted radiation from a star is the only in teresting

information coming out of the mo del. Let us tak e an example of a widely

used Kurucz (1979, 1994) grid of mo del atmospheres. F or eac h com bination

of input stellar parameters ( T

e�

; log g , and metallicit y), he publishes t w o ta-

bles; one is the \mo del atmosphere" in our de�nition, i.e. a relativ ely short

table of v alues of temp erature, electron densit y , etc., in all depth p oin ts; the

second table is a table of emergen t 
ux v ersus w a v elength. In fact, man y if

not most w ork ers use only this second table. A dra wbac k of using the tabu-

lated mo del 
ux is that it has a �xed w a v elength resolution (in the case of

Kurucz mo dels, it is relativ ely coarse { 10

�

A), and th us cannot b e used for

purp oses whic h require a high-resolution predicted sp ectrum. On the other
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hand, from the gen uine mo del, one ma y easily compute a sp ectrum of an y

resolution.

Belo w, I summarize the basic t yp es of mo del stellar atmospheres.

I) Static mo dels. These are mo dels constructed under the assumption

of h ydrostatic equilibrium. Consequen tly , these mo dels apply only to atmo-

spheric la y ers that are indeed close to h ydrostatic equilibrium, i.e. the macro-

scopic v elo cit y is small compared to the thermal v elo cit y of atoms. These

la y ers are traditionally called stel lar photospher es . Basic input parameters

are the e�ectiv e temp erature, T

e�

, the surface gra vit y , g (usually expressed

as log g ), and c hemical comp osition. Strictly sp eaking, one should giv e the

v alues of abundances of all individual c hemical sp ecies. In realit y , one usually

considers solar abundances, or some ratio of some or all abundances with

resp ect to the solar one. If all elemen ts but h ydrogen and helium share the

common abundance ratio with resp ect to the solar abundances, this ratio is

called metal licity . There are some additional input parameters, lik e the mi-

croturbulen t v elo cit y , or, in the case of con v ectiv e mo dels, the mixing length

(or some other parameters appro ximating the con v ection)

There are sev eral basic t yp es of mo dels:

{ L TE grey mo dels. They are the simplest p ossible mo dels, based on the

assumption that the opacit y is indep enden t of frequency . They are not

used an y longer for sp ectroscopic w ork, but they are useful for pro viding

an initial estimate in an y iterativ e metho d for constructing more realistic

mo dels, and they are v ery useful for p edagogical purp oses. F or this reason,

they will b e discussed at length in the next section.

{ L TE mo dels. They are based on the assumption of L TE (see Sect. 1.3).

Tw o state parameters, for instance temp erature, T , and densit y , � , (or

electron densit y , n

e

), su�ce to describ e the ph ysical state of the atmo-

sphere at an y giv en depth.

{ NL TE mo dels. This is a rather am biguous term whic h encompasses an y

mo del whic h tak es in to accoun t some kind of a departure from L TE. In

early NL TE mo dels, the p opulations of only few of the lo w-lying energy

lev els of the most abundan t sp ecies, lik e H and He, w ere allo w ed to depart

from L TE; the rest w as treated in L TE. There are t w o basic kinds of NL TE

mo dels, or approac hes to include NL TE e�ects:

� Mo dels solving for the full structure. The co des of general use include

an early H-He mo del atmosphere co de describ ed b y Mihalas et al

(1975), the Kiel co de (W erner 1987); P AM (Anderson 1987), and a

univ ersal co de TLUSTY (Hub en y 1988).

� NL TE line formation (also called a restricted NL TE problem). Here,

the atmospheric structure (temp erature, densit y , etc.) is assumed

to b e kno wn form previous calculations (either L TE or simpli�ed

NL TE), and is k ept �xed, while only radiativ e transfer and statisti-

cal equilibrium for a c hosen atom/ion is solv ed sim ultaneously . The
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p opular co des of this sort include DET AIL/SURF A CE (Butler and

Giddings 1985); MUL TI (Carlsson 1986), and MALI (Rybic ki and

Hummer 1991).

{ NL TE line-blank eted mo dels. This is in fact a subset of the previous

item. I consider it separately b ecause these mo dels represen t a qualita-

tiv ely new step in the mo del construction. They are mo dels where NL TE

is considered for practically al l energy lev els and transitions b et w een

them { lines and con tin ua { that in
uence the atmospheric structure.

The n um b er of suc h lines ma y actually go to millions, so the problem is

presen tly extremely demanding on the computer resources and ingen uit y

of the n umerical metho ds used. In these mo dels, it is no longer necessary

to compute the atmospheric structure using simple atomic mo dels, and

recalculate NL TE line formation in individual atoms separately . These

mo dels will b e discussed in more detail in Sect. 5.5.

I I) Uni�ed mo dels. By de�nition, uni�ed mo del atmosphere are those

whic h relax the a priori assumption of h ydrostatic equilibrium, and whic h

th us treat the whole atmosphere ranging from an essen tially static photo-

sphere to a highly dynamical wind on the same fo oting. Ideally , this w ould

mean solving self-consisten tly the set of h ydro dynamic equations (2) - (4)

and the radiativ e transfer equation. This is a tremendous task, whic h has

not y et b een ev en attempted to solv e generally . Instead, one treats the h y-

dro dynamic of the wind taking in to accoun t radiation in some appro ximate

w a y (for instance, the line driv en wind theory b y Castor, Abb ott, Klein 1975;

or P auldrac h, Puls, Kudritzki 1986 { see lecture b y Lamers in this v olume).

Once the basic h ydro dynamic structure (essen tially , the densit y and v elo cit y

as a function of radius) is determined, one solv es in detail a NL TE radia-

tiv e transfer, p ossibly together with the radiativ e equilibrium equation. This

approac h w as pioneered b y the Munic h group (Gabler et al. 1989; Sellmaier

et al. 1993), who also coined the term \uni�ed mo dels". The name stresses

a uni�cation of a photosphere and wind; prior to this approac h there w ere

separate mo dels for photospheres and for winds, so-called core-halo mo dels.

Besides Munic h mo dels, there exists sev eral other v arian ts of uni�ed mo del

atmospheres. I do not presen t a review of these approac hes (some topics are

co v ered in other lectures (Lamers, this v olume; F ullerton, this v olume); I just

brie
y men tion that v arious uni�ed mo dels are computed

{ with or without self-consisten t T ( r ). That is, either the radiativ e equi-

librium is solv ed exactly (e.g. Gabler et al. 1989; Hillier 1991); or the

temp erature structure is appro ximated for instance b y the grey temp er-

ature structure (de Koter et al. 1993; Sc haerer and Sc hm utz 1994);

{ with or without Sob olev appro ximation in the wind;

{ with or without metal line blank eting
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5.2 Basic Equations of Classical Stellar A tmospheres

Let us summarize the basic equations of stellar atmospheres for the case

of horizon tally-homogeneous, plane-parallel, static atmosphere. This case is

sometimes called the classic al stel lar atmospher e pr oblem .

Radiativ e transfer equation. The most adv an tageous form of the transfer

equation for the use in mo del atmosphere construction is either the usual

�rst-order form, e.g. (29), whic h is then solv ed b y the DFE metho d, or the

second-order form with the v ariable Eddington factor,

d

2

( f

K

�

J

�

)

d �

2

�

= J

�

� S

�

: (130)

It in v olv es only the mean in tensit y of radiation, J

�

(whic h is a function of

only frequency and depth), but not the sp eci�c in tensit y (whic h is in ad-

dition a function of angle � ). In fact, it is the mean in tensit y of radiation

whic h en ters other structural equations, and therefore the mean in tensities,

not sp eci�c in tensities, are to b e tak en as the atmospheric state parameters.

An ob vious n umerical adv an tage is that instead of dealing with N F � N A

parameters describing the radiation �eld p er depth ( N F and N A b eing the

n um b er of discretized frequency and angle p oin ts, resp ectiv ely) w e ha v e only

N F parameters. A discretization of the depth v ariable, men tioned ab o v e, is

done in suc h a w a y that depth p oin ts run from the \surface" depth, where

�

�

� 1 for all frequency p oin ts, to a depth where �

�

� 1 for all frequencies

(b ecause the di�usion appro ximation, (109), is used for the lo w er b oundary

condition).

Hydrostatic equilibrium equation. This equation reads, recalling (7),

d P

d z

= � � g ; (131)

where P is the total pressure. In tro ducing the Lagrangian mass m , de�ned

as the mass in the column of a cross-section of 1 cm

2

ab o v e a giv en p oin t in

the atmosphere,

d m = � � d z ; (132)

w e obtain for the h ydrostatic equilibrium equation simply

d P

d m

= g ; (133)

whic h, since g is constan t in a plane-parallel atmosphere, has a trivial solu-

tion, P ( m ) = mg + P (0). In fact, this is the reason wh y one usually c hoses

m as the basic depth v ariable of the 1-D plane-parallel atmospheres problem.

Nev ertheless, it should b e k ept in mind that the total pressure is generally
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comp osed of three pars, the gas pressure, P

gas

, the radiation pressure, P

rad

,

and the turbulen t pressure, P

turb

, i.e.

P = P

gas

+ P

rad

+ P

turb

= N k T +

4 �

c

Z

1

0

K

�

d � +

1

2

� v

2

turb

; (134)

where v

turb

is the microturbulen t v elo cit y . The h ydrostatic equilibrium equa-

tion ma y then b e written as (neglecting the turbulen t pressure)

d P

gas

d m

= g �

4 �

c

Z

1

0

d K

�

d m

= g �

4 �

c

Z

1

0

�

�

�

H

�

d � : (135)

W e ma y think of the r.h.s. of this equation as the e�e ctive gr avity ac c eler ation ,

since it expresses the action of the true gra vit y acceleration (acting do wn w ard,

i.e. to w ards the cen ter of the star) min us the radiativ e acceleration (acting

out w ard). In other lectures (Lamers, this v olume) w e sa w that this is the

term whic h is crucial in the radiativ ely-driv en wind theory .

Radiativ e equilibrium equation. This expresses the fact that the total

radiation 
ux is conserv ed, see (8),

Z

1

0

H

�

d � = const =

�

4 �

T

4

e�

: (136)

This equation ma y b e rewritten, using the radiativ e transfer equation, as

Z

1

0

( �

�

J

�

� �

�

) d � =

Z

1

0

�

�

( J

�

� S

�

) d � = 0 ; (137)

Notice that (137) con tains the thermal absorption co e�cien t �

�

, not the total

absorption co e�cien t �

�

. This is b ecause the scattering con tributions can-

cel out. T o illustrate this mathematically , let us tak e an example of electron

scattering. The absorption co e�cien t for the pro cess (see 141) is giv en b y

n

e

�

e

; �

e

b eing the electron scattering (Thomson) cross-section. The emission

co e�cien t is then giv en b y n

e

�

e

J

�

. As it is seen from (137), these t w o con tri-

butions cancel. This is also clear ph ysically , b ecause an absorption follo w ed

immediately b e a re-emission of a photon do es not c hange the energy balance

of the medium, and therefore cannot con tribute to the radiativ e equilibrium

equation.

Statistical equilibrium equations; also sometimes called r ate e quations .

These are in fact equations (6), where the collisional term is written explicitly ,

n

i

X

j 6= i

( R

ij

+ C

ij

) =

X

j 6= i

n

j

( R

j i

+ C

j i

) ; (138)

where R

ij

and C

ij

is the radiativ e and collisional rate, resp ectiv ely , for the

transition from lev el i to lev el j . The l.h.s. of (138) represen ts the total n um b er
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of transitions out of lev el i , while the r.h.s. represen ts the total n um b er of

transitions into lev el i from all other lev els. The radiativ e rates are giv en

b y expressions analogous to those discussed for a t w o-lev el atom in Sect. 3.1

(notice that they dep end on the radiation in tensit y), while the collisional

rates are assumed to b e giv en functions of temp erature and electron densit y .

The set of rate equations for all lev els of an atom w ould form a linearly

dep enden t system. Therefore, one equation of the set has to b e replaced b y

another equation. Usually , this is the total numb er c onservation equation

(or abundance de�nition equation),

P

i

n

i

= N

atom

, where the summation

extends o v er all lev els of all ions of a giv en sp ecies.

Tw o commen ts are in order. First, in practice there are only a limited

n um b er of lev els of an atom/ion whic h are treated explicitly , i.e. for whic h

the equation of the form (138) is actually written do wn and solv ed. These are

usually lo w-lying lev els. The remaining lev els are t ypically treated in some

appro ximate w a y , as, for instance, in L TE with resp ect to the ground state

of the next ion (follo wing Auer and Mihalas 1969), or with resp ect to the

highest explicit lev el of the curren t ion. Another p ossibilit y is to express this

con tribution through the partition function (Hub en y 1988). In an y case, the

abundance de�nition equation has to b e mo di�ed to read

X

explicit

n

i

+

X

upp er

n

i

= N

atom

: (139)

Second, the ab o v e abundance de�nition equation can replace the rate

equation for any lev el. This lev el w as usually tak en, follo wing Auer and Mi-

halas (1969), to b e the ground state of the highest ion of the giv en sp ecies.

Ho w ev er, a n umerically more stable option is to c ho ose a lev el whic h has the

highest p opulation of all the lev els of the giv en sp ecies, as w as suggested b y

Castor et al. (1992).

Charge conserv ation equation. This equation expresses the global electric

neutralit y of the medium,

X

i

n

i

Z

i

� n

e

= 0 ; (140)

where Z

i

is the c harge asso ciated with lev el i (i.e. equal to 0 for lev els of

neutral atoms, 1 for lev els for once ionized ions, etc.). The summation no w

extends o v er all lev els of all ions of all sp ecies.

Auxiliary de�nition equations. There is a n um b er of auxiliary expres-

sions, lik e the de�nition equations of the absorption and emission co e�cien t,

�

�

=

X

i

X

j >i

[ n

i

� ( g

i

=g

j

) n

j

] �

ij

( � ) +

X

i

�

n

i

� n

�

i

e

� h� =k T

�

�

i�

( � )

+

X

�

n

e

n

�

�

��

( � ; T )

�

1 � e

� h� =k T

�

+ n

e

�

e

; (141)
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where the four terms represen t, resp ectiv ely , the con tributions of b ound-

b ound transitions (i.e. sp ectral lines), b ound-free transitions (con tin ua), free-

free absorption (also called the in v erse brehmstrahlung), and of electron scat-

tering. Other scattering terms, lik e for instance the Ra yleigh scattering, ma y

also b e added if appropriate to the problem at hand. Here, � ( � ) are the

corresp onding cross-sections; subscript � denotes the \con tin uum", and n

�

the ion n um b er densit y . The negativ e con tributions in the �rst three terms

represen t the stim ulated emission (remem b er, stim ulated emission is treated

as negativ e absorption). There is no stim ulated emission correction for the

scattering term, since this con tribution exactly cancels with ordinary absorp-

tion (for an illuminating discussion, see Sh u 1991). Finally , notice that the

relation b et w een the b ound-b ound cross section �

ij

( � ) and previously in-

tro duced quan tities (the Einstein co e�cien ts and the absorption pro�le) is

simply �

ij

( � ) = ( h�

0

= 4 � ) B

ij

� ( � ).

Analogously , the thermal emission co e�cien t is giv en b y

�

�

=

�

2 h�

3

=c

2

�

h

X

i

X

j >i

n

j

( g

i

=g

j

) �

ij

( � ) +

X

i

n

�

i

�

i�

( � ) e

� h� =k T

+

X

�

n

e

n

�

�

��

( � ; T ) e

� h� =k T

i

: (142)

The three terms again describ e the b ound-b ound, b ound-free, and free-free

emission pro cesses, resp ectiv ely .

These equations should b e complemen ted b y expressions for the relev an t

cross-sections, de�nition of L TE p opulations, and other necessary expres-

sions. The resulting set forms a highly-coupled, highly non-linear system of

equations. The equations and corresp onding quan tities that are determined

b y them are summarized in the T able 1.

T able 1. Summary of classical stellar atmosphere equations and state parameters

Equation Corresp onding state parameter

Radiativ e transfer Mean in tensities, J

�

Radiativ e equilibrium T emp erature, T

Hydrostatic equilibrium T otal particle densit y , N

Statistical equilibrium P opulations, n

i

Charge conserv ation Electron densit y , n

e
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5.3 L TE-grey Mo del: A T o ol to Understand the T emp erature

Structure

Before discussing the metho ds and results of solving the full stellar atmo-

sphere problem, it is v ery instructiv e to consider an extremely simpli�ed case

of the so-called L TE-grey mo del. Although these mo dels ha v e not b een used

to describ e a real stellar atmosphere for more than four decades, they are

still v ery useful b ecause i) they pro vide a b eautiful p edagogical to ol to un-

derstand an in terpla y b et w een radiativ e equilibrium and radiativ e transfer,

th us to understand a b eha vior of temp erature as a function of depth; and ii)

they pro vide an excellen t starting solution for iterativ e metho ds to construct

more sophisticated mo dels.

The basic assumption of these mo dels is that the absorption co e�cien t is

indep enden t of frequency ,

�

�

� � : (143)

In realit y , one uses some frequency-a v eraged opacit y , usually the Rosseland

mean opacit y , (71). The other basic assumption is that of L TE, S

�

= B

�

.

The radiativ e equilibrium equation th us reduces to

J = B ; (144)

where the quan tities without the frequency subscript � are understo o d as

frequency-in tegrated quan tities,

J =

Z

1

0

J

�

d � ; B =

Z

1

0

B

�

d � = � T

4

: (145)

The second equation of the problem, the radiativ e transfer equation (ac-

tually , its second momen t), reads

d K

d �

= H = ) K ( � ) = H � � + const ; (146)

b ecause H is constan t with depth, as follo ws from the radiativ e equilibrium.

The constan t in the ab o v e equation is equal to K (0). In v oking, for simplicit y ,

the Eddington appro ximation { K = J = 3, and K (0) = (2 = 3) H { w e obtain

(recall that the 
ux is giv en b y F = 4 H ),

J ( � ) =

3

4

F �

�

� +

2

3

�

; (147)

W e kno w that the total 
ux, F , is sp eci�ed through the e�ectiv e temp erature,

F = � T

4

e�

. Com bining (145) and (147) together, w e obtain

T

4

=

3

4

T

4

e�

�

� +

2

3

�

; (148)

There exists an elegan t analytic solution of the general grey atmosphere prob-

lem whic h yields an analogous expression for the temp erature as (148), only
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the constan t 2 = 3 is replaced b y a function q ( � ), called Hopf function . It is a

smo othly v arying function of optical depth, with q (0) = 0 : 577; q ( 1 ) = 0 : 71,

whic h is not v ery far from the Eddington appro ximation v alue.

An imp ortan t p oin t to realize is that the grey temp erature structure fol-

lo ws just from the radiativ e transfer equation and the radiativ e equilibrium

equation. The h ydrostatic equilibrium equation do es not en ter this deriv a-

tion. In other w ords, the temp erature in a grey atmosphere, as a function of

mean optical depth, do es not dep end on the surface gra vit y . Ho w ev er, the

h ydrostatic equation determines the relation b et w een the a v eraged optical

depth and the geometrical co ordinate ( m or z ).

W e see that the temp erature is a monotonically increasing function of

optical depth. Wh y this is so? It is easy to understand it in ph ysical terms.

The condition of radiativ e equilibrium stipulates that the total radiation 
ux

is constan t with depth in the atmosphere. Ho w ev er, the radiation 
ux mea-

sures the anisotr opy of the radiation �eld (i.e. the 
ux w ould b e zero for

p erfectly isotropic radiation). W e kno w from the transfer equation, and in

particular from the di�usion appro ximation, that the anisotrop y decreases

with increasing depth in the atmosphere. The only w a y ho w to main tain the

constan t 
ux in spite of decreasing anisotrop y of radiation is to increase the

total energy densit y of radiation (prop ortional to J ), i.e. the temp erature

(recall that J = S = B = � T

4

).

The fact the in tegrated J is equal to in tegrated B at all depths � do es

not necessarily mean that the frequency-dep enden t J

�

has to b e equal to B

�

for all frequencies. In fact, w e should exp ect that there should b e a frequency

range for whic h J

�

> B

�

, i.e. J

�

� B

�

> 0; these regions ma y b e called

\heating" regions; while at the rest of frequencies J

�

< B

�

, i.e. J

�

� B

�

< 0;

these regions ma y b e called \co oling" regions. Remem b er, J is prop ortional

to the n um b er of photons absorb ed p er unit optical depth, while S = B to

the n um b er of photons emitted p er unit optical depth. Th us, for instance,

J

�

> B

�

means that more photons are absorb ed than emitted at frequency � ;

the energy of extra absorb ed photons m ust then increase the in ternal energy ,

i.e. the temp erature, of the medium.

Whic h frequency regions are the heating ones, and whic h are the co oling

ones? In the case of an L TE-grey atmosphere, the answ er is easy . Let us

�rst write do wn some useful expressions. F rom the general expression for the

Plac k function, (22), w e ma y easily deriv e t w o limiting expressions: In the

high frequency limit, ( h� =k T ) � 1, w e obtain the Wien form,

B ( � ; T ) �

2 h�

3

c

2

exp( � h� =k T ) ; (149)

while the lo w-frequency limit, ( h� =k T ) � 1, is called the R ayleigh-Je ans tail,

B ( � ; T ) �

2 k �

2

c

2

T : (150)
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Another imp ortan t expression is the Eddington-Barbier relation for the mean

in tensit y at the surface, whic h ma y b e deriv ed from the Eddington-Barbier

relation (41) in tegrated o v er angles,

J (0) =

1

2

S ( � = 1) (151)

Let us consider the surface la y er of a grey atmosphere. If the frequency �

is \large", i.e. in the Wien regime, then a decrease of the lo cal temp erature

b et w een � = 1 and the surface ( � = 0), translates in to a large decrease of

B

�

( T ( � )), b ecause for large frequencies the Planc k function is v ery sensitiv e

to T { see (149). In other w ords, B at the surface ma y b e signi�can tly (ev en

orders of magnitude) lo w er than B at � = 1. Since the mean in tensit y at the

surface is ab out one half of B ( � = 1), it is clear that J

�

(0) > B

�

(0) for these

frequencies. The large frequencies are therefore the \heating" frequencies.

In con trast, for lo w frequencies (the Ra yleigh-Jeans tail), B is linearly pro-

p ortional to T . W e kno w from the T ( � ) relation for a grey atmosphere that

T (0) � 0 : 8 T ( � = 1). The factor 1 = 2 from the Eddington-Barbier relation will

no w dominate, so w e get J

�

(0) = (1 = 2) B

�

( � = 1) < B

�

(0). Consequen tly , the

lo w frequencies are the \co oling" frequencies. One can mak e these consider-

ations more quan titativ e, but this is not necessary; the only imp ortan t p oin t

to remem b er is that the high-frequency part of the sp ectrum is resp onsible

for heating, while the lo w-frequency part is resp onsible for co oling.

Tw o-step grey mo del. The ab o v e considerations are in teresting, but not

particularly useful for a purely grey atmosphere. They are, ho w ev er, v ery

helpful if w e consider an atmosphere with some simple departures from the

greyness. Let us consider a two-step gr ey mo del, i.e. with the opacit y giv en as

a step function, �

�

= � (the original grey opacit y) for � < �

0

, and �

�

= a�

for � � �

0

, with a � 1, i.e. with a large opacit y for high frequencies (one ma y

visualize this as a sc hematic represen tation of a strong con tin uum jump, for

instance the Lyman discon tin uit y). W e will denote the original optical depth

as �

old

, and the new one (for � � �

0

), as �

new

�

. Let us further assume that

the frequency �

0

is high enough to b e in the range of \heating" frequencies.

What are the c hanges of the temp erature structure with resp ect to the

original grey temp erature distribution implied b y the opacit y jump? W e will

consider separately the surface la y ers � � 0, and the deep la y ers.

The surfac e layers. Since the opacit y for � � �

0

is m uc h larger than the

original opacit y , w e ma y neglect the con tribution of the latter to the radiativ e

equilibrium in tegral, so the mo di�ed radiativ e equilibrium equation b ecomes

Z

1

�

0

J

�

d � =

Z

1

�

0

B

�

d � ; (152)

whic h, together with the Eddington-Barbier relation J

�

(0) = B

�

( �

new

�

= 1) = 2

yields for the new surface temp erature, T

0

, the expression

(1 = 2)

Z

1

�

0

B

�

( T ( �

new

�

= 1)) d � =

Z

1

�

0

B

�

( T

0

)d � ; (153)
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from whic h follo ws that T

0

< T ( �

new

�

= 1). Since the temp erature at �

new

�

= 1

m ust b e close to the original temp erature at the surface (recall that �

new

�

�

�

old

), the new temp erature at the surface is lower than the original surface

temp erature, whic h giv es rise to the term surfac e c o oling e�ect.

The ab o v e deriv ation w as more or less a mathematical one. But, in ph ysi-

cal terms, wh y do w e get a co oling? This is simply b ecause b y adding op acity

in the he ating p ortion of the sp ectrum, w e e�ectiv ely suppress this heating.

Therefore, w e obtain a co oling. These considerations also suggest that b y

adding an additional opacit y in the co oling, i.e. the lo w-frequency , part of

the sp ectrum, w e ma y actually get a surfac e he ating of the atmosphere.

The de ep layers. It is in tuitiv ely clear that the atmospheric la y ers whic h are

optically thic k in all frequencies will b e little in
uenced b y the additional

opacit y jump. Ho w ev er, an in teresting region is the one whic h is opaque for

large frequencies ( � � �

0

), (i.e. �

new

�

� 1 for these frequencies), while still

transparen t for the original opacit y , �

old

< 1. Since the optical depth is large

for � � �

0

, J

�

� B

�

for these frequencies, and therefore the mono c hromatic


ux is close to zero. The condition of radiativ e equilibrium at those depths

ma y b e written as J

0

= B

0

, where the primed quan tities are de�ned as partial

in tegrals, e.g. J

0

=

R

�

0

0

J

�

d � , and analogously for B . F rom the radiativ e

transfer equation and the Eddington appro ximation, w e ha v e d J

0

= d � = 3 H

(not H

0

; or, b etter sp eaking, H

0

= H , b ecause there is no 
ux for � � �

0

).

W e ma y formally write J

0

= �

0

T

4

, and b y rep eating the same pro cedure as

in deriving the original grey temp erature structure, w e obtain

T

4

= (3 = 4)( � =�

0

) T

4

e�

( � + 2 = 3) : (154)

W e ha v e �

0

< � , b ecause J

0

< J . This is simply b ecause the energy densit y

of radiation for � < �

0

is smaller than the total energy densit y . Therefore,

the new temp erature is larger than the original one. Consequen tly , the phe-

nomenon is called the b ackwarming e�e ct .

Again, what is the explanation of this e�ect in ph ysical terms? By adding

opacit y , the 
ux in the high-opacit y part dr ops . Therefore, the 
ux in the

rest m ust incr e ase in order to k eep the total 
ux constan t. Ho w ev er, the only

w a y ho w to accomplish it in L TE is to increase the temp erature gradien t,

and therefore the temp erature itself in the previously 
at T ( � ) region.

One ma y w onder wh y w e sp end so m uc h time with an admittedly crude

and unrealistic mo del, suc h as a simple t w o-step grey mo del. Ho w ev er, it

should b e realized that the ab o v e discussed phenomena of surface co oling and

bac kw arming are quite general, and are not at all limited to a grey appro xi-

mation. In an y mo del, including sophisticated NL TE mo dels (see Sect. 5.5),

there are alw a ys frequencies whic h cause heating and those whic h cause co ol-

ing. An y pro cess whic h c hanges opacit y/emissivit y in those regions c hanges

the o v erall balance and therefore in
uences the temp erature structure. In the

NL TE mo dels, there are t ypically sev eral in terv ening or comp eting mec ha-

nisms, but the fundamen tal ph ysics b ehind the temp erature structure is ba-

sically the same as in the case of the grey mo del. Lik ewise, the mec hanism of
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bac kw arming is quite general. The b eaut y of the grey mo del is that one ma y

describ e all these phenomena b y a simple analytical mo del.

5.4 L TE and NL TE Mo del A tmospheres

L TE mo dels. Constructing L TE mo del stellar atmospheres is no w a more

or less standard pro cedure. It consists in solving sim ultaneously basic struc-

tural equations (130) - (142), where (138) is replaced b y the Saha-Boltzmann

distribution, (11) and (12). Consequen tly , the absorption and emission co-

e�cien ts are kno wn functions of temp erature and electron densit y , i.e. they

are giv en lo c al ly . Nev ertheless, there is still a non-lo cal coupling of radiation

�eld and material prop erties via the radiativ e equilibrium equation (and, to

a smaller exten t also the h ydrostatic equilibrium equation, via the radiation

pressure term), whic h has to b e dealt with.

I will not discuss this topic here in an y detail. I just men tion that the �eld

of L TE mo del atmospheres is completely dominated b y the Kurucz mo del

grid (Kurucz 1979; 1994), and b y his computer program A TLAS (Kurucz

1970; 1994). Y et, there are sev eral indep enden t computer programs, designed

sp eci�cally for v ery co ol stars { Gustafsson et al. (1975); Tsuji (1976); John-

son et al. (1977); Allard and Hausc hildt (1995); to name just few.

NL TE mo dels. Wh y do w e exp ect that departures from L TE ma y b e im-

p ortan t in stellar atmospheres? As explained ab o v e, departures from L TE

arise when the radiativ e rates dominate o v er the collisional rates. These con-

ditions t ypically o ccur at high temp eratures and lo w densities. The higher the

e�ectiv e temp erature, and the stronger the radiation �eld, the deep er in the

photosphere w e ma y exp ect departures from L TE. W e also an ticipate that

the departures will b e largest at frequencies with highest opacities (EUV,

cores of strong lines). When the opacit y is large, the observ ed sp ectrum will

b e formed higher in the atmosphere where the densit y of the material is lo w.

Therefore, NL TE mo dels are most imp ortan t for in terpreting observ ed sp ec-

tra of hot stars (O, B, A stars, t ypically T

e�

> 10 000 K) and of sup ergian ts,

i.e. the in trinsically brigh test stars.

Ho w ev er, the most imp ortan t p oin t to realize is that for a star of any

sp e ctr al typ e, ther e is always a wavelength r ange, and c orr esp ondingly a layer

in the atmospher e, wher e NL TE e�e cts ar e imp ortant . Y et, the meaning of

the assessmen t \NL TE e�ects are imp ortan t" is somewhat arbitrary . The

p oin t is that a precise de�nition of this term should in principle in v olv e the

desired accuracy of the predicted sp ectrum. F or instance, if one requires an

accuracy of, sa y , 10% in the predicted 
ux in the optical and UV sp ectrum

for a main-sequence B star, then one ma y sa y that L TE mo dels are su�cien t.

Ho w ev er, NL TE mo dels w ould b e necessary if one requires an accuracy of, sa y

2-5 %; and NL TE mo dels w ould still b e necessary if one requires an accuracy

of 10-20% for the same star in the EUV sp ectrum range (w a v elengths b elo w

the Lyman limit, i.e. 912

�

A).
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Ho w one calculates NL TE mo del atmospheres? The realization that the

nonlo cal coupling of ph ysical quan tities is extremely imp ortan t led Auer and

Mihalas (1969) to dev elop the complete linearization (CL) metho d to solv e

the set of discretized structural equations. This is a v ery robust metho d based

on the Newton-Raphson sc heme. All equations are linearized and are treated

on the same fo oting, allo wing a fully consisten t treatmen t of all couplings.

The metho d has brough t an enormous progress in the mo deling, and in fact

has op ened a new era in the stellar atmospheres theory . Ho w ev er, a high price

had to b e paid. Because of the need to in v ert individual blo c k matrices of the

general Jacobi matrix of the system, the computer time increases with the

cub e of the n um b er of unkno wns. Therefore, it w as p ossible to consider only a

limited n um b er of atomic lev els and opacit y sources (lines). T ypically , ab out

10 to 15 energy lev els w ere allo w ed to depart from their L TE p opulations;

only a few lines w ere included explicitly , and the radiativ e transfer w as solv ed

at t ypically 100 frequencies. It also b ecame clear v ery so on that dealing with

millions of lines within this framew ork w ould b e out of the question regardless

of ho w rapidly the computer tec hnology migh t progress.

Ho w ev er, already the early simpli�ed NL TE mo dels ha v e demonstrated

that departures from L TE form an essen tial feature in in terpreting the sp ec-

tra of hot stars (for a review, see Mihalas 1978, and Kudritzki and Hummer

1990). In the same p erio d, the imp ortance of metal line blank eting on the at-

mospheric structure w as demonstrated n umerically , and a widely used grid of

L TE line-blank eted mo del atmospheres w as constructed (Kurucz 1979). Since

then, a debate ensued as to what kind of mo del atmospheres is more ade-

quate: metal line-blank eted L TE mo dels or NL TE mo dels without blank eting?

Mo dels accoun ting for b oth metal line-blank eting e�ects and departures from

L TE w ere then deemed an unreac hable dream.

The dream had slo wly started to come through in the 1980's with the

adv en t of the ALI metho d. The �rst who applied the ALI idea to the mo del

stellar atmosphere construction w as W erner (1986; 1987; 1989). He has sho wn

that the metho d has a great p oten tial, b ecause it e�ectiv ely eliminates the

radiation in tensities from the set of mo del unkno wns. One is therefore able to

consider man y more frequency p oin ts, and consequen tly man y more atomic

transitions, in the mo del construction. Moreo v er, the metho d w as found to

b e more stable than the complete linearization metho d in man y cases.

A disadv an tage of the ALI sc heme is that it sometimes con v erges rather

slo wly . This is easy to understand, since the information ab out c hanges in

state parameters is lagged, i.e. is comm unicated to the rest of the state pa-

rameters only in the subsequen t iteration. Nev ertheless, the time p er iteration

is v ery small. Moreo v er, the sp eed of con v ergence can b e accelerated b y pre-

dicting b etter estimates of the solution using the acceleration of con v ergence

tec hniques (see Sect. 4.3). In con trast, the CL metho d requires only a small

n um b er of iterations, b ecause it is a global metho d with an almost quadratic

con v ergence. The time p er iteration ma y ho w ev er b e enormous.
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What w as therefore needed w as a metho d whic h w ould com bine the ad-

v an tages of b oth these metho ds; namely the con v ergence rate (i.e. the n um b er

of iterations required to reac h a giv en accuracy) b eing virtually as high as

for the standard CL metho d, while the computer time p er iteration is almost

as lo w as for the standard ALI metho d. This w as exactly what w as ac hiev ed

b y dev eloping the so-called h ybrid complete linearization/accelerated lam b da

iteration (CL/ALI) metho d (Hub en y and Lanz 1995). The metho d formally

resem bles the standard complete linearization; the only di�erence b eing that

the radiation in tensit y at selected frequency p oin ts is not explicitly linearized;

instead, it is treated b y means of the ALI approac h.

5.5 Line Blank eting

The term line blank eting describ es an in
uence of thousands to millions of

sp ectral lines on the atmospheric structure and predicted emergen t sp ectrum.

The line blank eting in
uences not only the emergen t sp ectrum (the so-called

line blo c king), but also, and more imp ortan tly , the atmospheric structure (the

bac kw arming and the surface co oling e�ects). Although the ALI-based meth-

o ds ha v e op ened the w a y to attac k this problem, the enormous complexit y of

the iron-p eak elemen ts (i.e., w e ha v e to accoun t for h undreds of energy lev els

and millions of line transitions p er ion) still precludes using direct metho ds

whic h w ere successfully used for ligh t elemen ts (He, C, N, O, etc.).

Statistical metho ds are therefore necessary . The idea is to a v oid dealing

with all individual energy lev els of complicated metal sp ecies. Instead, sev eral

states with close enough energies are group ed together to form a so-called

\sup erlev el". The basic assumption is that all individual lev els within the

same sup erlev el share the same NL TE departure co e�cien t; in other w ords,

the individual lev els forming a sup erlev el are in Boltzmann equilibrium with

eac h other. This idea w as pioneered b y Anderson (1989). The transitions

b et w een individual sup erlev els, called \sup erlines", are treated b y means of

t w o p ossible approac hes:

{ Op acity Distribution F unctions (ODF). The idea is to resample a com-

plicated frequency dep endence of the sup erline cross-section to form a

monotonic function of frequency; this function is then represen ted b y a

small n um b er of frequency quadrature p oin ts (Anderson 1989; Hub en y

and Lanz 1995).

{ Op acity Sampling (OS). The idea is a simple Mon te Carlo-lik e sampling of

frequency p oin ts of the sup erlev el cross-section (Anderson 1991; Dreizler

and W erner 1993). The adv an tage of this approac h is that it can easily

treat line blends and o v erlaps; the disadv an tage is that one has to b e v ery

careful to c ho ose a su�cien tly large n um b er of frequency p oin ts, since

otherwise the represen tation ma y b e inaccurate. Indeed, the line cores,

whic h represen t the region of maxim um opacit y , are relativ ely narro w.

Considering to o few frequency p oin ts ma y easily lead to missing man y

imp ortan t line cores.
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These t w o approac hes are illustrated in Fig. 5. W e consider the sup erline

b et w een the sup erlev els 1 and 13 of Hub en y and Lanz (1995) mo del of F e i i i .

The detailed cross-section (upp er panel) has b een computed for some 16 000

in ternal frequency p oin ts. The dotted line in the middle panel represen ts the

Opacit y Sampling b y 37 (equidistan t) w a v elength p oin ts, while the n um b er

of p oin ts is doubled for the full line. This sho ws that unless a large n um b er of

frequency p oin ts is considered, the OS represen tation ma y b e quite inaccurate

since practically all strong lines are missed. Finally , the lo w er panel sho ws

the Opacit y Distribution F unction represen tation. With 24 p oin ts only , w e

ha v e already a fairly accurate represen tation of the resampled cross-section

to b e used in mo del atmosphere construction.

The �rst NL TE mo del atmospheres including iron-line blank eting w ere

presen ted b y Anderson (1989), Anderson and Grigsb y (1991), Dreizler and

W erner (1993), and Hub en y and Lanz (1995). The strategy for computing

line-blank eted mo del atmospheres is as follo ws. Hydrogen, helium, and the

most imp ortan t ligh t metals (C, N, O, p ossibly others) are represen ted b y

detailed atomic mo dels, and all the individual lines are treated separately .

This in v olv es of the order of 100 atomic lev els, and up to 1 000 lines, whic h

are represen ted b y sev eral thousands of frequency p oin ts. The hea vy (iron-

p eak) metals are treated b y means of the statistical, ODF or OS, approac h.

Since the dominan t opacit y is pro vided b y iron and nic k el, w e either neglect

all the other iron-p eak elemen ts, or group all of them together to form an

a v eraged iron-p eak elemen t (as suggested �rst b y Anderson 1989).

Finally , I will sho w ho w the line blank eting in
uences the temp erature

structure of an atmosphere. As an example, let us tak e a mo del with T

e�

=

35 000 K, and log g = 4, whic h corresp onds to a main-sequence O-star. Fig-

ure 6 sho ws the temp erature as a function of depth (expressed as column

mass in g cm

� 2

). W e consider sev eral NL TE mo del atmospheres, a) H-He

L TE mo del, b) H-He NL TE mo del, c) NL TE mo del with ligh t elemen ts only

(H-He-C-N-O-Si); and d) fully blank eted NL TE mo del (H-He-C-N-O-Si-F e-

Ni). All mo dels consider all lines originating b et w een explicit lev els of all

sp ecies that are tak en in to accoun t.

The b eha vior of temp erature is easily explained b y a reasoning analogous

to that put forw ard in the preceding subsection. The frequency region ab o v e

the Balmer limit (i.e. � < 3648

�

A) is the \heating region". Therefore, adding

an opacit y there causes a surface co oling. This explains the co oling in L TE

H-He mo del (caused mainly b y the h ydrogen and He I I Lyman and Balmer

lines), and also the additional co oling in the H-He-C-N-O-Si mo del (whic h is

caused mainly b y the C IV resonance doublet at � 1550

�

A). Similarly , the

additional opacit y in the heating region causes the heating of deep er la y ers,

the so-called bac kw arming e�ect. Indeed, it is clearly seen that while the

lines of ligh t elemen ts cause only a mo dest bac kw arming (in the la y ers at

log m � � 1 and deep er), the F e and Ni lines, b eing quite n umerous, cause an

appreciable heating in these la y ers.



54 I. Hub en y

Fig. 5. An illustration of v arious n umerical treatmen ts of a t ypical sup erline. Upp er

panel: the detailed cross-section; Middle panel: the Opacit y Sampling represen ta-

tion; Lo w er panel: the Opacit y Distribution F unction represen tation. Small squares

indicate the p oin ts used to represen t this ODF in mo del atmosphere calculations
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Fig. 6. T emp erature structure for four mo del atmospheres with the same

parameters: T

e�

= 35 000 K, log g = 4. Thic k line: fully blank eted NL TE

H-He-C-N-O-Si-F e-Ni mo del; dashed line: NL TE mo del with ligh t elemen ts

(H-He-C-N-O-Si); thin line: NL TE H-He mo del; dotted line: L TE H-He mo del.

No w, ho w it is p ossible that few lines (of H, He, or ligh t elemen ts) are able

to cause a signi�can t surface co oling, while a large n um b er of lines is needed

to get a signi�can t bac kw arming? Again, this is explained b y emplo ying the

t w o-step grey mo del considerations. Let us tak e equation (152). It sho ws that

a strong opacit y source completely dominates the radiativ e equilibrium in te-

gral, so that the other frequency regions b ecome unimp ortan t. The original

t w o-step grey mo del considers the strong opacit y source to extend from �

0

to

in�nit y; ho w ev er, the essence remains the same if the strong opacit y source

is just one line, or few strong lines. In the case of one dominan t line, the

radiativ e equilibrium in tegral reduces to, in analogy to (152),

�

J = S

L

; (155)

whic h follo ws from (137), (72), (73), and (78). In L TE, w e get surface co oling

due to the exactly same reasons as in the t w o-step grey mo del (L TE forces

S to b e equal to B , and B is forced to b e equal to

�

J at the surface, whic h is

lo w). In NL TE, the co oling e�ect ma y b e ev en stronger, b ecause the t w o-lev el

source function, (82), implies that

�

J = S

L

= B , and w e kno w from Sect. 3.1.
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that the t w o-lev el atom source function decreases signi�can tly to w ards the

surface.

On the other hand, the bac kw arming e�ect is primarily caused b y blo c king

of the 
ux b y additional opacit y sources; the more extended (in the frequency

space) the blo c king is, the larger the bac kw arming (recall (154) and subse-

quen t discussion). The actual strength of a line do es not matter so m uc h

as so on as it is able to e�cien tly blo c k the 
ux. Therefore, a single narro w

and v ery strong line is quite e�cien t in the surface co oling, but relativ ely

ine�cien t in the bac kw arming.

There is still one remaining puzzling feature: Wh y , in view of all what

w as said ab o v e, w e obtain a large surfac e he ating in the NL TE H-He mo dels?

This w as indeed a big surprise when the e�ect w as �rst disco v ered b y Auer

and Mihalas (1969), who ha v e also pro vided its ph ysical explanation. The

e�ect is related, but not equiv alen t, to another, previously disco v ered NL TE

surface temp erature rise, called the Ca yrel mec hanism (Ca yrel 1963).

The explanation of the Auer-Mihalas temp erature rise go es as follo ws:

It is true that lines alw a ys cause a surface co oling. Ho w ev er, in NL TE, a

line radiation also in
uences the atomic lev el p opulations. F rom Sect. 3.1 w e

kno w that the main e�ect of line transfer is to o v erp opulate the lo w er lev el of

a line transition. Considering Lyman and Balmer lines th us giv es rise to an

o v erp opulation of the h ydrogen n = 1 and n = 2 states, and consequen tly to

increasing the e�ciency of the Lyman and Balmer con tin ua. Since they are

heating con tin ua, this leads to an additional heating at the surface. There

is a comp etition b et w een this heating and traditional surface co oling caused

b y the Lyman and Balmer lines, but in the presen t case the indirect heating

wins.

Ho w ev er, in teresting as it ma y b e from the theoretical p oin t of view, the

indirect heating due to the h ydrogen (and to a lesser exten t the He I I) lines

is in realit y usually wip ed out b y the e�ect of metal lines (as it is in the

case displa y ed in Fig. 6). Nev ertheless, the Auer-Mihalas heating surviv es for

metal-p o or atmospheres, where it ma y giv e rise to observ able e�ects in the

h ydrogen line pro�les (e.g. for hot D A white dw arfs { see Lanz and Hub en y

1995 for a discussion and original references).

Finally , I stress that the b eha vior of temp erature at the surface should

not b e o v erin terpreted. It only in
uences observ ed sp ectrum features whic h

corresp ond to the strongest opacit y sources, lik e the v ery cores of strongest

lines (e.g. the C IV resonance lines in the presen t case). Y et, these features

ma y in realit y b e more in
uenced b y a stellar wind, whic h is neglected in

the h ydrostatic mo dels an yw a y . Therefore, the most imp ortan t e�ect of line

blank eting is its in
uence on temp erature in the deep er la y ers.
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6 Using Mo del A tmospheres to Analyse Observ ed

Sp ectra

So far, w e ha v e b een mostly concerned with the question of ho w the mo del

stellar atmospheres are constructed. In this c hapter, w e will discuss another,

and equally imp ortan t, question of ho w these mo dels are used to address

general astroph ysical questions.

6.1 A Sc heme of Sp ectroscopic Diagnostics

As w as stated b efore, the observ ed sp ectrum is practically the only infor-

mation ab out a star w e ha v e. The pro cess of deducing stellar prop erties from

its sp ectrum is therefore called sp e ctr osc opic diagnostics . This is a m ulti-step

pro cess with man y in terlink ed steps. It is sc hematically displa y ed in Fig. 7.

The basic step is input physics . By this term w e mean a selection of

the basic ph ysical assumptions under whic h the medium is b eing describ ed

(i.e., whic h pro cesses and phenomena are neglected; whic h equilibrium con-

ditions are assumed to hold, etc.). The basic assumptions then determine the

equations to b e solv ed. They also tell us what are the basic input parameters

of the mo del construction. F or instance, when adopting the assumption of a

plane-parallel atmosphere in the h ydrostatic and radiativ e equilibrium, the

input mo del parameters are the e�ectiv e temp erature, surface gra vit y , and

c hemical comp osition. These parameters are \basic" from the p oin t of con-

structing mo del atmospheres, y et they are related to other parameters whic h

ma y b e view ed as more fundamen tal, lik e stellar mass, radius, and luminosit y .

The latter parameters are fundamen tal if one considers a certain instan t of

the stellar life. Y et, taking in to accoun t more extended input ph ysics (i.e.,

adding the stellar ev olution theory), w e ma y then consider ev en more funda-

men tal parameters lik e the initial stellar mass, initial comp osition, and the

age.

Lik ewise, going to more complex mo dels, lik e for instance the uni�ed

photosphere{wind mo dels, w e ha v e di�eren t input parameters dep ending on

the lev el of ph ysical description w e adopt. In a simple theory w e ha v e, in

addition to the stellar mass, radius, and luminosit y , t w o additional input

parameters { the mass loss rate and the wind terminal v elo cit y (see Lamers,

this v olume). Y et, in a more in v olv ed ph ysical picture w e ma y come up with

a relation b et w een the wind parameters and other parameters.

Sometimes the additional input parameters mak e up for the lac k of ad-

equate ph ysics. T ypical examples are the so-called microturbulen t v elo cit y

whic h is often used for describing short-scale non-thermal motions; or the

mixing length parameter used in the mixing-length theory of con v ection. An

example from a somewhat di�eren t y et related �eld is the � -parameter for

describing a turbulen t viscous dissipation in accretion disks. All suc h input

parameters are con v enien t parameters whic h allo w us to construct mo dels

ev en if w e do not really kno w what is going on. Their v alues are constrained
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Fig. 7. A sk etc h of the individual steps of astroph ysical sp ectroscopic diagnostics

and their in terconnections
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b y agreemen t b et w een theoretical predictions and observ ations; it is gener-

ally b eliev ed that a more fundamen tal ph ysics will either determine their

v alues from other structural parameters, or will get rid of them completely .

Nev ertheless, there are cases where suc h parameters are v ery useful, for in-

stance when a \b etter ph ysics" w ould require an enormously complicated and

time-consuming mo deling.

The input ph ysics, whic h tells us whic h equations are to b e solv ed, th us

in
uences profoundly the next step, numerics . By this term w e understand

all the w ork necessary to dev elop a co de for computing mo del stellar atmo-

spheres. This in v olv es adopting appropriate metho ds pro vided b y n umerical

mathematics or, often, dev eloping new metho ds suited to a particular mo d-

eling purp ose (a go o d example b eing the ALI metho d). This also in v olv es

a lot of computer programming and, the most time-consuming part, co de

debugging and testing.

Ha ving dev elop ed a stellar atmosphere co de, one ma y pro ceed to the next

step, model a tmospheres . It is depicted in Fig. 7 as a distinct step from

n umerics, despite the fact that it could ha v e b een a part of the Numerics

b o x. Usually , a stellar atmosphere co de con tains a large n um b er of v arious

n umerical options and tric ks. One usually needs a lot of exp erience to cop e

successfully with v arious n umerical problems (t ypically a slo w con v ergence

or div ergence of iterations), and to �nd prop er options to coax the co de to

w ork. Sometimes the author of the co de builds a grid of mo dels him or herself

(t ypical example b eing Bob Kurucz), but it is still useful that a co de itself is

b eing a v ailable to the whole comm unit y . This is b ecause the n um b er of in ter-

nal input parameters ma y b e enormous to mak e it reasonable to construct a

su�cien tly dense, all-purp ose grid. Man y co des for stellar atmospheric mo d-

eling are indeed publicly a v ailable.

1

The last step of the \theoretical" branc h of the sp ectroscopic diagnostic

pro cedure is sp ectrum syn thesis, whic h yields the main pro duct, the syn-

thetic spectr um . It will b e discussed in detail in the next section.

It should b e realized that not all of the ab o v e steps ha v e to b e done

in analyzing a particular ob ject. One ma y w ork, for instance, with a pre-

calculated grid of mo del atmospheres and construct only syn thetic sp ectra.

One ma y ev en w ork with an existing grid of syn thetic sp ectra; one then a v oids

the theoretical part completely .

I will not discuss the other, \observ ational", branc h of diagnostics. The

main steps are taking the rough data (b y ground-based or space-based in-

strumen ts) { the step obser v a tions { and subsequen t d a t a reductions .

The �nal pro duct is a w ell-calibrated obser ved spectr um .

No w comes the crucial part of the sp ectroscopic diagnostics, the com-

1

The most extended collection of existing mo deling co des is main tained on the

CCP7 (Collab orativ e Computer Pro ject No. 7 on the Analysis of Astronomical

Sp ectra) library { Je�ery (1992). The library is also a v ailable via WWW on the

address h ttp://star.arm.ac.uk/ccp7/
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p arison of the observ ed and theoretical sp ectra. The actual pro cedure to b e

p erformed in this step is discussed in detail in Sect. 6.3. Here, I will only stress

the signi�cance of this step in the global con text. Ab o v e all, the comparison

determines the v alues of basic input parameters. One ma y pro ceed iterativ ely:

after an initial guess of input parameters and constructing the �rst syn thetic

sp ectrum, the comparison step suggests new v alues of basic input parame-

ters, whic h are then used for constructing a new mo del atmosphere and new

syn thetic sp ectrum, and the pro cess is rep eated. Alternativ ely , one ma y �rst

construct a grid of syn thetic sp ectra around the most probable v alues of basic

parameters, and to determine their �nal v alues b y some sort of �

2

-�tting.

Ho w ev er, the most imp ortan t p oin t to realize is that the comparison step

do es not merely serv e to determine v alues of mo del input parameters. It ma y

happ en that w e are not able to matc h observ ations for an y com bination of

input parameters. Then w e ha v e to go bac k to the input ph ysics step, and re-

vise the basic ph ysical assumption under whic h the mo dels w ere constructed.

This ma y of course lead to a revision (or ev en to a rewriting) of the computer

program and consequen tly to reconstructing the mo del grid. But b y this con-

nection w e actually learn the most imp ortan t part of all { the ph ysics.

In Fig. 7, the dashed line dra wn from the comparisons step to the n u-

merics step is mean t to indicate that lac k of agreemen t b et w een observ ations

and theory do es not ha v e to b e caused b y an inadequacy of adopted ph ysical

description, but also b y an inadequate n umerical treatmen t of otherwise cor-

rect equations. The most trivial example of this phenomenon is a hidden bug

in the program, whic h do es not in
uence the results in some cases (usually

those used for testing), but ma y ha v e a dramatic e�ect in others. Also, this

ma y indicate an insu�cien t accuracy or inadequacy of adopted n umerical

metho d(s) for solving a giv en set of equations, for in v erting matrices, etc.

Another example are v arious n umerical appro ximations for atomic param-

eters. (e.g. p olynomial expansions for transition cross-section or collisional

rates, whic h are deriv ed for a certain parameter range, but are not applicable

for others, etc., etc.)

Finally , an unsuccessful matc h of observ ations and theory ma y rev eal

that the observ ations are at fault. F or instance, an UV sp ectrum of a star

ma y b y con taminated b y a con tribution from a close ob ject not seen in the

optical region. Also, the data reduction step ma y b e at fault { for instance a

p ersisten t mismatc h of observ ations and mo dels for v arious ob jects ma y lead

to a disco v ery of an error in 
at�eld corrections, or an unexp ected presence

of scattered ligh t in the sp ectrograph, etc.

6.2 Sp ectrum Syn thesis

Ideally , there should b e a one-to-one corresp ondence b et w een a mo del at-

mosphere (the structure), and the syn thetic sp ectrum. In other w ords, to

ev ery mo del atmosphere there should corresp ond a unique emergen t sp ec-

trum. Ho w ev er, in the real life the mo del structure is alw a ys computed using



Stellar A tmospheres Theory: An In tro duction 61

a simpli�ed treatmen t of c hemical sp ecies { some of them do not in
uence

the atmospheric structure signi�can tly and are therefore omitted (lik e, for

instance, Li, etc.), or are treated in a simpli�ed w a y when constructing the

mo del.

Ho w ev er, one needs to include all the opacit y sources a v ailable, lines and

con tin ua, when pro ducing the syn thetic sp ectrum. One can easily a�ord that.

Since the temp erature, electron densit y , and atomic lev el p opulations are

sp eci�ed b y the mo del, the calculation of the syn thetic sp ectrum consists of

a simple w a v elength-b y-w a v elength formal solution of the radiativ e transfer

equation, with the absorption and emission co e�cien ts giv en b y (141) and

(142). Ho w ev er, the summation o v er line transitions ma y actually include

h undreds or ev en thousands of individual sp ectral lines con tributing at a sin-

gle w a v elength p oin t. This feature, and the v ery fact that w e ha v e to deal

with literally millions of lines, mak e an e�cien t co ding of this problem non-

trivial. The most widely used general purp ose co des of this kind are SYNTHE

(Kurucz 1994), whic h is designed to pro duce sp ectra for Kurucz mo del atmo-

spheres; and SYNSPEC (Hub en y , Lanz, and Je�ery 1994), whic h calculates

sp ectra for NL TE mo dels created b y TLUSTY, but w orks for Kurucz mo dels

as w ell.

Another imp ortan t p oin t: an input mo del atmosphere is constructed as-

suming certain abundances of c hemical sp ecies. In order to b e strictly con-

sisten t, one w ould ha v e to consider the same abundances in the sp ectrum

syn thesis as w ell. Ho w ev er, due to the same reasons as put forw ard ab o v e, it

is p ermissible to use di�eren t abundances in the sp ectrum syn thesis step. It is

clear that for \unimp ortan t" sp ecies, one ma y c hange their abundance to an y

reasonable v alue. Ho w ev er, one should b e careful with c hanging abundances

of \imp ortan t" sp ecies, lik e He, C, N, O, etc, signi�can tly . If this is done, it is

recommended to recalculate a full mo del atmosphere using these new v alues

of abundances. This will not only sho w whether the previous approac h w as

reasonably accurate, but also the new mo del ma y subsequen tly b e used for a

�ne tuning of abundances.

It should b e realized that the calculation of the �nal syn thetic sp ectrum

to b e compared to observ ations in v olv es t w o steps:

1. pro ducing the net emergen t sp ectrum (radiation 
ux at the stellar sur-

face) as discussed ab o v e; and

2. p erforming a con v olution with rotational and/or instrumen tal broaden-

ing.

Since a star generally rotates, one has to add con tributions from all sur-

face elemen ts taking in to accoun t the Doppler shift due to the lo cal pro jected

rotational v elo cit y . This pro cedure is describ ed in detail for instance in Gra y

(1992). If one assumes a certain a priori giv en lim b-dark ening la w (i.e. the

dep endence of sp eci�c in tensit y on � ), one ma y p erform the rotational con v o-

lution with the radiation 
ux; otherwise, the rotational con v olution needs a
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sp eci�cation of radiation in tensities. The pro cedure is easy for w ell-b eha ving,

spherically-symmetric stars. Ho w ev er, one ma y face complications either b e-

cause of non-sphericit y (for instance that implied b y extremely fast rotation),

or b y departures from surface homogeneit y (v arious starsp ots, etc.), or for a

complicated pattern of v elo cit y �elds at the stellar surface (non-radial pulsa-

tions, macroturbulence, etc.).

Finally , to b e able to compare the predicted sp ectrum to observ ations, one

has to repro duce n umerically a con v ersion of the incoming stellar sp ectrum

b y the sp ectrograph. In practice, this usually means accoun ting for a �nite

sp ectrum resolution of a sp ectrograph b y con v olving the net sp ectrum with

a kno wn instrumen tal broadening function (usually a Gaussian with a giv en

FWHM). One can also include an instrumen tal sp ectrum sensitivit y function

at this stage. The �nal result of this step is a predicted sp ectrum whic h is

directly comparable to the observ ed one.

6.3 Sp ectrum Fitting

The sp ectrum �tting is the pro cedure of �nding the mo del sp ectrum that �ts

the observ ed sp ectrum b est. It ma y b e done b y t w o di�eren t w a ys:

i) a \consecutiv e mo del construction" pro cedure, whic h consists of a)

computing �rst a small n um b er of initial mo dels for some initial estimates of

the basic parameters; b) �nding the next estimate of basic mo del parameters

(either b y an educated guess, or b y using more sophisticated mathematical

tec hniques { for instance the Amo eba optimized searc h pac k age { Press et

al. 1986), and comparing the resulting sp ectra to observ ations. The pro cess

is rep eated un til the criteria for a successful matc h are satis�ed. The basic

c haracteristics of this approac h is that one do es not need an y precalculated

grid of mo dels; instead, the mo dels are calculated on the w a y of getting closer

and closer to the �nal mo del. Ob viously , this pro cedure is e�cien t only if an

e�ort to generate a mo del sp ectrum from scratc h is reasonably small.

ii) a \grid-�tting" pro cedure, whic h consists in ha ving a precalculated grid

of sp ectra, and �nding a mo del whic h pro duces the b est �t. One ma y either

�nd the b est-�t mo del (i.e. one of the mo dels of the grid), or �nd the b est-�t

parameters b y in terp olating in the mo del grid, assuming that the syn thetic

sp ectra corresp onding to mo del parameters in b et w een the grid v alues ma y

b e appro ximated b y an in terp olation of tabulated mo del sp ectra. If the grid

has a su�cien tly small step in basic stellar parameters, this pro cedure is quite

satisfactory .

Let us tak e an example of determining basic stellar parameters for OB

stars from observ ed h ydrogen and helium lines. Let us further assume that

the mass loss rate is su�cien tly lo w so that all the observ ed lines originate

in the stellar photosphere, i.e. their pro�les ma y b e in terpreted b y means of

h ydrostatic mo del atmospheres. Finally , let us assume that w e are �tting the

observ ed sp ectra b y means of simple H-He mo del atmospheres. This means

that the grid of sp ectra dep ends on �v e input parameters: T

e�

, log g , Y (the
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helium abundance), v

tb

(microturbulen t v elo cit y), and v sin i (pro jected ro-

tational v elo cit y; i b eing the inclination of the rotation axis with resp ect to

the direction to the observ er). One ma y either determine all �v e of them b y

a �

2

-�tting, or to determine some of them indep enden tly , and to �t only a

subset of parameters. A t ypical case for OB main-sequence stars is to deter-

mine v

tb

and v sin i from metal lines, and to determine the three remaining

parameters b y a line pro�le �tting. Sometimes, ev en Y ma y b e determined

indep enden tly (from pro�les or equiv alen t widths of lines of the dominan t ion

of helium for whic h the pro�les are not so sensitiv e to T

e�

and log g ). One

is then left with �tting the observ ed h ydrogen and helium line pro�les with

only a 2-dimensional grid of sp ectra whic h dep end only on T

e�

and log g .

There are t w o options to p erform the actual �tting:

a) �tting b oth parameters sim ultaneously; or

b) using the �t diagr ams . This consists in k eeping one parameter �xed (t yp-

ically log g ), and �nding suc h a v alue of T

e�

whic h �ts the observ ed pro�le

b est. One then go es to the next grid v alue of log g , and rep eats the �tting.

Ev ery �tted sp ectral line then de�nes a curv e in the T

e�

{log g plane, on whic h

the b est-�t v alues of T

e�

and log g are lo cated. Ideally , all curv es should in-

tersect in one single p oin t, whic h then determines the o v erall b est �t v alues

of T

e�

and log g . In realit y , one usually do es not get suc h a go o d �t, but

at least one should obtain a relativ ely small region in the T

e�

{log g plane

where the curv es in tersect. If one single sp ectral line de�nes a signi�can tly

di�eren t �t curv e, it is a strong indication that something on the theoretical

or observ ational lev el w as incorrect.

The �t diagram metho d is illustrated on the follo wing example: I ha v e

constructed a grid of NL TE H-He mo del atmospheres with e�ectiv e temp er-

atures b et w een 25000 and 45000 K, in steps of 2500 K, and for log g b et w een

3.5 to 4.5, in steps of 0.25. All mo dels ha v e a solar abundance of helium.

I will not �t an actual observ ed sp ectrum; instead, I will pretend that the

\observ ed" sp ectrum is the syn thetic sp ectrum computed for a fully metal

line-blank eted NL TE mo del for T

e�

= 35 000 K, and log g = 4.

This example will illustrate t w o features; namely i) what the �t diagrams

lo ok lik e, and ii) what error one mak es if the sp ectrum is �tted b y simple H-

He mo del atmospheres instead of b y line-blank eted mo dels. The �t diagram

for H, He I and He I I lines is sho wn in Fig. 8. A v ery in teresting result

is that the H-He mo dels w ould determine the b est �t parameters T

e�

�

38 000 K, and log g � 4. In other w ords, the H-He mo dels will o v erestimate

the deduced e�ectiv e temp erature, whic h is not surprising in view of the

discussion presen ted in Sect. 5.5, namely that the lo cal temp erature in the

H-He mo dels in regions where H and He lines are formed is lo w er than in the

line-blank eted mo dels (no bac kw arming).
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Fig. 8. A �t diagram for �tting the H, He I, He I I line pro�les b y means of NL TE

H-He mo del atmospheres. The \observ ed" sp ectrum is in fact a syn thetic sp ectrum

computed for a fully metal line-blank eted NL TE mo del for T

e�

= 35 000 K, and

log g = 4. Squares: h ydrogen lines (H � to H � ); triangles: He I lines ( �� 4388, 4471,

4922

�

A); stars: He I I lines ( �� 4026, 4200, 4542, 4686

�

A).

6.4 Determination of F undamen tal Stellar P arameters

Here w e will only b e concerned with the question ho w the fundamen tal stellar

parameters are determined from a photospheric analysis, i.e. b y analyzing the

observ ed stellar sp ectrum b y means of h ydrostatic mo del atmospheres. An

imp ortan t part of this pro cedure, whic h is nev ertheless often forgotten, is

to v erify that the deduced stellar prop erties are indeed consisten t with the

assumption of h ydrostatic equilibrium.

The fundamen tal stellar parameters to b e determined are the stellar mass,

M

�

, radius, R

�

, and luminosit y , L

�

. In general, w e do not kno w the distance

to the star, d , so w e add this quan tit y to the list, ev en if it do es not represen t

an in trinsic stellar prop ert y . (There are, ob viously , other fundamen tal stellar

parameters, lik e the c hemical comp osition, rotational v elo cit y , etc. F or the

purp oses of this section, w e assume that they are determined indep enden tly

of the four fundamen tal parameters listed ab o v e.)

The parameters whic h w e determine directly from observ ations are the
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e�ectiv e temp erature, T

e�

, and surface gra vit y , g . In addition, w e ha v e the

measured magnitude, m

obs

that re
ects the whole observ ationally accessible

w a v elength range. If the 
ux in the unobserv able region is negligible, then this

magnitude represen t the total, b olometric , magnitude, m

b ol

. If not, one has to

apply the b olometric correction, whic h follo ws from the mo del atmosphere.

In an y case, w e end up with three \measured" quan tities, T

e�

, g , and

m

b ol

, but w e ha v e 4 unkno wn fundamen tal parameters, M

�

, R

�

, L

�

, and d .

The go v erning relations b et w een them are

� T

4

e�

= L

�

= (4 � R

2

�

) ; (156)

g = GM

�

=R

2

�

; (157)

L

�

= L

�

[ m

b ol

( m

obs

; T

e�

) ; d ] ; (158)

The last relation expresses the con v ersion of the observ ed magnitude to the

stellar luminosit y .

W e th us ha v e three relations for four unkno wns. In fact, in some cases

the stellar ev olution theory ma y supply an indep enden t additional relation

b et w een the fundamen tal parameters, for instance the mass{radius relation

for white dw arfs (Hamada and Salp eter 1961), or the mass{luminosit y rela-

tion for cen tral stars of planetary nebulae (P aczynski 1971). Ho w ev er, in the

general situation w e do not ha v e suc h a relation, and ev en if w e do w e ma y

w an t to c hec k the theoretically predicted relations observ ationally .

Therefore, from the photospheric analysis only , one cannot deriv e all four

parameters sim ultaneously . This is easily understo o d from the ph ysical p oin t

of view. A plane-parallel h ydrostatic atmosphere is just a thin la y er sitting

on the top of a spherical star. The only information ab out a dimension of the

underlying star is con tained in the surface gra vit y g whic h dep ends also on

the stellar mass. Since the atmosphere is thin, the emergen t sp ectrum do es

not carry an y indep enden t information ab out the atmospheric exten t.

T o remo v e the radius{mass degeneracy , w e need either indep enden t geo-

metrical information (kno wing the radius or the distance), or an indep enden t

kno wledge of the mass. The t ypical situation is that w e kno w the distance d

(the situation will b e signi�can tly impro v ed when Hipparc hos parallaxes are

released); then the other parameters are determined as follo ws:

1. from kno wn m

obs

and d (and, p ossibly , T

e�

), w e determine the absolute

b olometric magnitude, M

b ol

and, therefore, luminosit y , L

�

;

2. from L

�

and T

e�

, w e determine R

�

;

3. from R

�

and g , w e determine mass M

�

As it turns out, if the mass of early-t yp e O stars is determined in this w a y

(whic h is called the sp ectroscopic mass), and if the mass is also determined

b y comparing the ev olutionary trac ks and the p osition of the star in the H-R

diagram (the so-called ev olutionary mass), one �nds a signi�can t discrepancy

(e.g. Herrero et al. 1992). The sense of discrepancy is that the sp ectroscopic
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masses are systematically lo w er than the ev olutionary masses. The discrep-

ancy arises either b y inaccuracies of the stellar atmospheres theory , or the

stellar ev olution theory , or, most lik ely b oth. F rom the stellar atmospheres

side, there has b een a recen t progress in understanding the reasons for the

discrepancy (e.g. Lanz et al. 1996). Ho w ev er, the problem is not y et solv ed,

and presen ts a c hallenge for future researc h.
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